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Abstract

In this paper, a general Hamiltonian theory for Lagrangian systems on fibred manifolds is pro-
posed. The concept of aLepagean(n + 1)-form is defined (wheren is the dimension of the base
manifold), generalizing Krupka’s concept of a Lepageann-form. Lepagean(n+ 1)-forms are used
to study Lagrangian and Hamiltonian systems. Innovations and new results concern the follow-
ing: aLagrangian systemis considered as anequivalence classof local Lagrangians (of all orders
starting from a minimal one); aHamiltonian systemis associated with an Euler–Lagrange form
(not with a particular Lagrangian);Hamilton equationsare based upon a Lepagean(n + 1)-form,
and cover Hamilton–De Donder equations (which are based upon the exterior derivative of the
Poincaré–Cartan form) as a special case. First-order Hamiltonian systems, namely those carying
higher-degree contact components of the corresponding Lepagean forms, are studied in detail. The
presented geometric setting leads to a new (more general than the standard one) understanding of
the concepts ofregularityandLegendre transformationin the calculus of variations, relating them
directly to the properties of the arisingexterior differential systems. In this way, newregularity con-
ditionsandLegendre transformation formulasare obtained, depending on a Lepagean(n+1)-form,
i.e., related with the correspondingEuler–Lagrange form.
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1. Introduction

The aim of this paper is to propose a general differential geometric setting for the Hamil-
tonian field theory in fibred manifolds. Geometric formulations of Hamilton equations in
field theory as a part of the calculus of variations on fibred manifolds are connected with the
names of many authors (cf.[1,5–8,12,13,16–20,22,23,29,30,35–37,43,47–52,55–58]and
references herein).

Our approach is different from the usual one, and leads to a more general setting which
covers the Hamilton–De Donder theoryof the calculus of variationsas a special case.
Moreover, it can be seen asunifying and further generalizing different approaches to the
Hamilton theory: the “standard” one which goes back to Goldschmidt and Sternberg[20]
with several “nonstandard” ones ([5,43], and the very recent by Krupková and Smetanová
[49,50]). Main differences and results are the following:

(1) Lepagean(n+ 1)-form. The key concept in our formulation of Lagrangian and Hamil-
tonian theories is that of aLepagean(n + 1)-form (wheren is the dimension of the
base manifold). Lepagean(n + 1)-forms represent a generalization to(n + 1)-forms
of the fundamental concept of the calculus of variations on fibred manifolds—theLep-
agean n-form, introduced by Krupka in 1973[31] (see also[32,35,38,41]for further
results). While Krupka’s Lepageann-forms are counterparts ofLagrangians(like, e.g.,
the famous Poincaré–Cartan form which is a particular case of a Lepageann-form),
Lepagean(n + 1)-forms introduced in this paper are counterparts ofEuler–Lagrange
forms(cf. Lepagean 2-forms in mechanics[44–46]).

(2) Lagrangian system. Usually, by a Lagrangian system aglobal Lagrangianis under-
stood. In this paper (similarly to our previous work concerning mechanics[44–46]),
the definition is more general, introducing a Lagrangian system as anequivalence class
of Lepagean(n + 1)-forms. Thus, by a Lagrangian system, we mean thefamily of all
equivalent Lagrangians(i.e., Lagrangians whose Euler–Lagrange forms coincide). It
should be noted that the equivalence class contains local Lagrangians of all finite orders
starting from a certain minimal one; moreover, in general, a global Lagrangian need not
exist—the obstructions lie in the topology of the total space of the underlying fibred
manifold (see[2,9,39,59–61]and others). A similar approach to Lagrangian systems is
applied in[24,26].

(3) Hamiltonian system. Contrary to the usual procedure when a Hamiltonian system
is associated with a Lagrangian, we define a Hamiltonian system to be a Lepagean
(n+ 1)-form. In this way, a Hamiltonian system is associated with anEuler–Lagrange
form (not with a particular Lagrangian), i.e., it is the samefor all the equivalent
Lagrangians. This approach supports the idea that the concept of a Hamiltonian sys-
tem should reflect only those properties of the corresponding Lagrangians, which are
directly related with thedynamics. Consequently, the most important physical charac-
teristics of Hamiltonian systems, i.e.,Hamiltoniansandmomenta refer to the whole
class of equivalent Lagrangians.

By definition, to every Hamiltonian system one has a uniquely determined
Lagrangian system. On the other hand, since a Lepagean(n + 1)-form is determined
by an Euler–Lagrange formas well asby auxiliary (upon the Euler–Lagrange form
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independent) terms, one hasmanyHamiltonian systems associated with a Lagrangian
system.

(4) Hamilton equations. First, we adopt the approach of Goldschmidt and Sternberg[20]
to understand Hamilton equations as equations forsections of a prolongationof the
underlying fibred manifold. Within this approach, Hamilton equations are defined in-
trinsically, and without any a priori assumption on “regularity”, or existence of “Leg-
endre transformation”. Moreover, Hamilton equations appear as anextensionof the
Euler–Lagrange equations, and regularity and existence of a proper Legendre transfor-
mation become an additional property of these equations, which can be specified from
geometric requirements.

Next, we develop the idea of Dedecker[5] and Krupka[36] that Hamilton equations
related with a Lagrangian could be more generally considered to be based upon agen-
eral Lepagean equivalent of a Lagrangian, not only upon its Poincaré–Cartan form, as
usually done. In our setting, Hamilton equations become equations for integral sections
of aHamilton exterior differential system arising from a Lepagean(n+1)-form, and as
such, they become a counterpart of theEuler–Lagrange equations(not of a particular
Lagrangian). Moreover (similarly as within the approach suggested by Dedecker[5]),
they depend not only upon the Lagrangian system itself, but also upon higher-degree
contact components of the corresponding Lepagean(n + 1)-form.

(5) In this paper,regularity andLegendre transformationfor a Hamiltonian system are
defined in a geometrical way to beproperties of the corresponding Hamilton exterior
differential system. From such a definition, we deriveregularity conditionsandLeg-
endre transformation formulaswhich depend on theEuler–Lagrange form(not on a
particular Lagrangian)and on thehigher-degree contact termsin the corresponding
Lepagean(n + 1)-form. Expressing the regularity conditions and the Legendre trans-
formation formulas by means of individual Lagrangians, one gets expressions which
may differ from the standard ones. As we show, the presented geometrical concept of
regularity brings a unified look at different regularity conditions which have appeared
in the literature (the standard one, as well as those in[5,43,49]). On the other hand,
our Legendre transformation differs from that proposed by Dedecker in[5]; however,
if applied to first-order Lagrangians, it contains both the standard Legendre transfor-
mation formulas and those proposed by Krupková and Smetanová[50]. Similarly, for
second-order Lagrangians affine in the second derivatives, we recover the formulas
discovered by Krupka and Štěpánková[43].

(6) Strong regularity. For general first-order Hamiltonian systems regularity is not sufficient
to guarantee abijectivecorrespondence between extremals and Hamilton extremals.
Therefore, the need to studyequivalencebetween the Hamilton and Euler–Lagrange
equations leads to the concept ofstrong regularity. We show that for Hamilton–De Don-
der systems regularity and strong regularity coincide. For general Hamiltonian systems,
we find conditions for strong regularity and show relations between strong regularity
and existence of Legendre transformations.

(7) Regularization. The generalized setting for the Hamilton theory suggestsa new under-
standing of the role of regularity, Legendre transformation, andHamilton equations
in the calculus of variations. Namely, higher-degree contact terms which appear in
the generalized Hamilton equations can be considered as “parameters” giving one the



96 O. Krupkov́a / Journal of Geometry and Physics 43 (2002) 93–132

possibility to search forappropriateHamilton equations (i.e., regular and admitting
Legendre transformation) for a given variational problem. From this point of view, we
studyregularizationsof some interesting Lagrangians (namely, Lagrangiansaffineor
quadratic in the first derivatives, andaffine in the second derivatives). It turns out that
these examples cover all physically interesting Lagrangian systems (among them the
Dirac field, the scalar field, the electromagnetic field, gravity). It should be mentioned
that the possibility of “regularizing” a Lagrangian by means of choosing an appropriate
“Lepagean equivalent” has been first noticed by Dedecker in[5].

The plan of the paper is as follows. InSection 2, we recall notations and some preliminary
facts on horizontal and contact forms on jet prolongations of fibred manifolds.Section 3is
a review of the Hamilton–De Donder theory. Since, on one hand, this theory is considered
to be standard (and, as such, subject of basic monographs—cf., e.g.,[18]), and, on the other
hand, not quite satisfactory (cf.[7,22,56]), and since there exist a few different approaches
leading to “nonstandard” results which are less known but interesting from the point of
view of applications in physics (cf.[5,16,28,43]), this section is included as a motivation.
The core of the paper isSection 4where our setting is explained, new results are stated, and
links to known results are mentioned. We concentrate ourself tofirst-order Hamiltonian
systems(which in this approach concern also somesecond-order Lagrangians). The theory
can be generalized to the higher-order in a quite straightforward way[47,48].

2. Notations and preliminaries

Throughout the paper,π : Y → X is afibred manifoldwith a baseX, dimX = n, and a
total spaceY , dimY = n + m. For everyx ∈ X, the submanifoldπ−1(x) ∈ Y is called a
fibreoverx. We denote by(V ,ψ), ψ = (xi, yσ ) a fibred chart onY . A (smooth) mapping
γ : U → Y , whereU is an open subset ofX is called asectionof the fibred manifold
π if π ◦ γ = idU . For s ≥ 1, thes-jet prolongationof a fibred manifoldπ is denoted
by πs : J sY → X. Thes-jet prolongation of a sectionγ of π is denoted byJ sγ ; it is a
section ofπs . A sectionδ of πs is calledholonomicif there exists a sectionγ of π such
thatδ = J sγ . To every fibred chart(V ,ψ), ψ = (xi, yσ ) onπ there exists the so-called
associated chartonJ sY , denoted by(Vs, ψs),ψs = (xi, yσ , yσj1···jk ), whereVs = π−1

s,0 (V ),
1 ≤ σ ≤ m, and 1≤ k ≤ s, 1 ≤ j1 ≤ j2 ≤ · · · ≤ jk ≤ n. By πs,k, where 0≤ k < s, we
denote the natural fibred projections,πs,k : J sY → J kY .

A vector fieldξ on J sY is calledπs-vertical if T πs · ξ = 0. The bundle ofπs-vertical
vectors is obviously a subbundle of the tangent bundleTJsY ; it will be denoted byVπs .
In an analogous way, one defines the concept of aπs,k-vertical vector field onJ sY for
0 ≤ k < s. Thes-jet prolongationof aπ -vertical vector fieldξ onY is denoted byJ sξ ; it
is a vector field onJ sY .

Denote byΛq(J sY ) the module ofq-forms onJ sY over the ring of functions. A form
η ∈ Λq(J sY ) is calledπs,k-projectableif there exists a formη0 ∈ Λq(J kY ) such that
π∗
s,kη0 = η; the formη0 is then called theπs,k-projectionof η. A form η ∈ Λq(J sY ) is

calledπs-horizontal if iξ η = 0 for everyπs-vertical vector fieldξ on J sY . Similarly, a
form η ∈ Λq(J sY ) is calledπs,k-horizontal, 0 ≤ k < s, if iξ η = 0 for everyπs,k-vertical
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vector fieldξ onJ sY . The module ofπs-horizontal (respectively,πs,k-horizontal)q-forms
onJ sY is a submodule ofΛq(J sY ) and is denoted byΛq

X(J
sY ) (respectively,Λq

JkY
(J sY )).

We denote byh thehorizontalizationof differential forms.h is anR-linear, wedge product
preserving mapping, assigning toη ∈ Λq(J sY ) a formhη ∈ Λq(J s+1

X Y), and is defined
by the formulas

hdxi = dxi, hdyσj1···jk = yσj1···jki dxi, 0 ≤ k ≤ s, hf = f ◦ πs+1,s .

We can see that

hdf = dif dxi, dif = ∂f

∂xi
+

s∑
k=0

∂f

∂yσj1···jk
yσj1···jki .

Apparently, forq > dimX, hη = 0. A form η ∈ Λq(J sY ), q ≥ 0, is calledcontactif
J sγ ∗η = 0 for every sectionγ of π . Obviously,η is contact if and only ifhη = 0. For
s ≥ 1 denote

ωσ
j1···jk = dyσj1···jk − yσj1···jki dxi, (2.1)

where 1≤ σ ≤ m, 0 ≤ k ≤ s − 1, j1, . . . , jk = 1,2, . . . n. The above (local) 1-forms are
contact forms onJ sY . It is worthwhile to note that

(dxi, ωσ
j1···jk , dyσj1···js ), 0 ≤ k ≤ s − 1, 1 ≤ j1 ≤ · · · ≤ js ≤ n (2.2)

is abasis of linear formsonVs ⊂ J sY . Note that

dωσ
j1···jk = −dyσj1···jki ∧ dxi = −ωσ

j1···jki ∧ dxi.

According to[40], the ideal of contact forms onJ sY , called thecontact ideal, is locally
generated by the formsωσ , ωσ

j1
, . . . , ωσ

j1···js−1
,dωσ

j1···js−1
. The contact ideal plays an impor-

tant role in the calculus of variations and the theory of differential equations on manifolds,
since it enables one to “recognize” holonomic sections:A sectionδ of a fibred manifoldπs

is holonomic if and only if it is an integral section of the contact ideal onJ sY .
The definition of a contact form implies that everyq-form η on J sY , whereq > n is

contact. Let us turn to a “softer” classification of contact forms, suggested by the fibred
structure. Letq ≥ 1, and letη ∈ Λ

q

Js−1Y
(J sY ) be acontactform. We say thatη is 1-contact

if for eachπs-vertical vector fieldξ onJ sY the(q − 1)-form iξ η is πs-horizontal; we say
thatη isk-contact, 2 ≤ k ≤ q, if iξ ρ is (k−1)-contact[35]. In this context, horizontal forms
are also called 0-contact. Hence,η is i-contact if and only if each term in its coordinate
expression with respect to a basis(2.2)containsexactlyi of the 1-contact linear forms(2.1).
The following is a basic theorem on the structure of forms on fibred manifolds.

Decomposition theorem(Krupka[35]). Everyη ∈ Λ
q

Js−1Y
(J sY ) is uniquely decompos-

able in the formη = η0 + η1 + · · · + ηq , whereηi , 0 ≤ i ≤ q, is a i-contact form on
J sY .

If ηi is thei-contact part ofη, we writeηi = piη. In this way, foreveryq-form η on
J sY , we obtain a unique invariant decomposition

π∗
s+1,sη = hη + p1η + · · · + pqη (2.3)
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into a sum of a horizontal form andi-contactq-forms, 1≤ i ≤ q. This formula is funda-
mental for our computations and will be frequently used throughout the paper.

In what follows, we shall use the following notations:

ω0 = dx1 ∧ dx2 ∧ · · · ∧ dxn, ωi = i∂/∂xiω0,

ωi1···il = i∂/∂xil ωi1···il−1, 2 ≤ l ≤ n. (2.4)

Note that dxi ∧ ωj = δijω0, dxi ∧ ωjk = δikωj − δijωk, etc.

3. A brief review of Hamilton–De Donder theory

3.1. First-order Lagrangians

Inspired by the work of De Donder[10], Golschmidt and Sternberg[20] in their famous
paper set geometric foundations of a Hamilton theory on fibred manifolds, which is known
as theHamilton–De Donder theory. Main ideas can be very briefly summarized as follows.

Consider a fibred manifoldπ : Y → X, dimX = n, dimY = m + n, and its first jet
prolongationπ1 : J 1Y → X. Let λ be a first-order Lagrangian, i.e., a horizontaln-form
on J 1Y , andθλ thePoincaré–Cartan formof λ [14,20,31]. In a fibred chart(V ,ψ), ψ =
(xi, yσ ) onY one getsλ = Lω0, whereL is a function onπ−1

1,0(V ), and

θλ = Lω0 + ∂L

∂yσj
ωσ ∧ ωj . (3.1)

A sectionγ of π , defined on an open subsetU ∈ X, is called anextremalof the Lagrangian
λ (over a compactn-dimensional submanifoldΩ ⊂ X with boundary∂Ω) if for every
π -vertical vector fieldξ onY ,∫

Ω

J 1γ ∗∂J 1ξ λ = 0. (3.2)

By a direct computation, one gets thatγ : U → Y is an extremal ofλ if and only if

J 1γ ∗iJ 1ξ dθλ = 0 for everyπ -vertical vector fieldξ onY. (3.3)

Eq. (3.3)is an intrinsic version of theEuler–Lagrange equationsof λ; in fibred coordinates
it takes the familiar form ofm second-order PDE for the components ofγ ,(

∂L

∂yσ
− dj

∂L

∂yσj

)
◦ J 2γ = 0. (3.4)

Goldschmidt–Sternberg’s geometric approach to Hamilton equations is based on the idea to
understand them as equationsfor sections of the prolonged manifoldJ 1Y → X. Namely,
a sectionδ : U → J 1Y of the fibred manifoldπ1 is called aHamilton extremalof the
Lagrangianλ if

δ∗iξ dθλ = 0 for everyπ1-vertical vector fieldξ onJ 1Y. (3.5)
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Eq. (3.5)represent 2mnfirst-order PDE for the components(δσ , δσi ) of sections ofπ1; they
are calledHamilton–De Donder equations. One can easily see thatif γ is an extremal ofλ
thenJ 1γ is its Hamilton extremal. On the other hand,a Hamilton extremal generally need
not be of the form of a prolongation of an extremal. In this sense, the Hamilton theory is an
extensionof the Lagrange theory.

Theorem 3.1(Goldschmidt and Sternberg[20]). If λ satisfies the condition

det

(
∂2L

∂yσj ∂y
ν
k

)

= 0 (3.6)

at each point ofJ 1Y , then every Hamilton extremal ofλ is of the formδ = J 1γ , whereγ
is an extremal ofλ.

Consequently, provided theregularity condition(3.6) is satisfied, the sets of extremals and
of Hamilton extremals ofλ are inbijectivecorrespondence, i.e., the Hamilton–De Donder
equations areequivalentwith the Euler–Lagrange equations, and this bijection is realized
via theJ 1 prolongation mapping.

The concepts of Hamiltonian, momenta and Legendre transformation are obtained with
help of the Poincaré–Cartan formθλ. Namely, we can write

θλ =
(
L − ∂L

∂yσj
yσj

)
ω0 + ∂L

∂yσj
dyσ ∧ ωj , (3.7)

and put

H = −L + ∂L

∂yσj
yσj , pj

σ = ∂L

∂yσj
. (3.8)

In analogy with mechanics, the functionsH andpj
σ , 1 ≤ j ≤ n, 1 ≤ σ ≤ m, are called the

Hamiltonianandmomentaof λ. Obviously,if the regularity condition(3.6) is satisfied then

(xi, yσ , yσj ) → (xi, yσ , pj
σ ) (3.9)

is a local coordinate transformation onJ 1Y ; it is called Legendre transformation. Writing
the Hamilton–De Donderequations (3.5)in the Legendre coordinates one gets them in the
familiar form

∂yσ

∂xj
= ∂H

∂p
j
σ

,
∂p

j
σ

∂xj
= − ∂H

∂yσ
. (3.10)

We remark that, contrary to(3.1), the decomposition(3.7) of θλ into a sum of two terms
is noninvariant with respect to fibred transformations. This means, in particular, that the
HamiltonianH (respectively, then-formHω0) is defined only locally. However, a concept
of a “global Hamiltonian” can be obtained easily; such ann-form is called anextended
Lagrangian, and its role in the Hamiltonian setting is analogous to that of a Lagrangian in
the Lagrange theory (for more details see[43], for higher-order[37]).
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3.2. Higher-order Lagrangians

The above mentioned Goldschmidt–Sternberg’s setting for Hamilton theory in fibred
manifolds has been generalized to the case of Lagrangians of an arbitrary orderr during
the period 1980–1990[1,8,12,15,17,22,23,30,35–37,52,57].

Consider a Lagrangian of orderr, i.e., a horizontaln-form λ onJ rY . In a fibred chart,

λ = Lω0, L = L(xi, yσ , yσj1
, yσj1j2

, . . . , yσj1j2···jr ). (3.11)

As pointed out already by De Donder in 1930[10], one can assign toL ann-form

θλ = Lω0 +
r−1∑
k=0

(
r−k−1∑
l=0

(−1)ldp1dp2 · · · dpl
∂L

∂yσj1... jkp1···pli

)
ωσ
j1···jk ∧ ωi, (3.12)

defined onV2r−1 = π−1
2r−1,0(V ) ⊂ J 2r−1Y ; it is called the(higher-order) Poincaré–Cartan

equivalent ofλ. Based upon this form, Shadwick obtained in[57] a direct generalization of
the first-order Hamilton–De Donder theory, now calledlocal Hamilton–De Donder theory.
It can be summarized as follows: a sectionδ of the fibred manifoldπ2r−1, passing inV2r−1,
is called aHamilton extremalof λ if

δ∗iξ dθλ = 0 for everyπ2r−1-vertical vector fieldξ onV2r−1. (3.13)

Eq. (3.13)(which are first-order PDE) are calledHamilton–De Donder equations. The point
is to study their relation with the Euler–Lagrange equations which are PDE of order 2r for
sectionsγ of π ,

J 2r−1γ ∗iJ 2r−1ξ dθλ = 0 for everyπ -vertical vector fieldξ onY. (3.14)

For the purpose of the next theorem, let us denote by [q1 · · · qs ] thenumberof all different
sequences arising by permuting the sequenceq1, . . . , qs . It holds

[q1 · · · qs ] = s!

i1! · · · in!
,

whereik is the number of the integersk in the sequenceq1, . . . , qs .

Theorem 3.2(Shadwick[57]). Letλ be a Lagrangian onJ rY , V ⊂ Y a fibred chart. On
V2r−1 consider the Poincaré–Cartan equivalentθλ (3.12)of λ, rewritten in the form

θλ = −Hω0 + pi
σ dyσ ∧ ωi + pj1i

σ dyσj1
∧ ωi + · · · + p

j1···jr−1i
σ dyσj1···jr−1

∧ ωi,

(3.15)

where

pj1···jki
σ =

r−k−1∑
l=0

(−1)l dp1 dp2 · · · dpl
∂L

∂yσj1···jkp1···pli
, 0 ≤ k ≤ r − 1,

H = −L +
r∑

k=1

pj1···jk
σ yσj1···jk . (3.16)
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Consider the family of matrices(
1

[j1 · · · j2r−s(pr+1 · · ·ps ][p1 · · ·pr)]

∂2L

∂yσj1···j2r−s (pr+1···ps ∂y
ν
p1···pr )

)
, (3.17)

wherer ≤ s ≤ 2r − 1, theσ, j1 ≤ · · · ≤ j2r−s label columns andν, p1 ≤ · · · ≤ ps label
rows, and the brackets(· · · ) denote symmetrization in the indicated indices. If ranks of all
of these matrices are maximal then the system of functions

xi, yσ , yσj1
, . . . , yσj1···jr−1

, pj1···jr
σ , pj1

σ , j1 ≤ · · · ≤ jr (3.18)

forms a part of a coordinate system on W, and every Hamilton extremalδ passing inV2r−1
is of the formπ2r−1,r ◦ δ = J rγ , whereγ is an extremal ofλ.

Shadwick’s regularity condition has been formally geometrized in[17,30]; in these pa-
pers a geometric version of the matrices(3.17)by means of bilinear forms (respectively,
equivalently, by a linear mapping) was given.

The functionsH andp’s are called aHamiltonian and momentaof the Lagrangian
λ, and coordinates based on(3.18) are calledLegendre coordinates. In any such coor-
dinates Hamilton–De Donderequations (3.13)take the following “canonical” form (cf.
[8,10,22,37,57]):

∂yσj1···jk
∂xi

= ∂H

∂p
j1···jki
σ

,
∂p

j1···jkl
σ

∂xl
= − ∂H

∂yσj1···jk
, (3.19)

where 0≤ k ≤ r − 1, and in the second set of equations, summation overl takes place.

3.3. Problems

The above mentioned approach to Hamilton theory is considered more or less standard
within the calculus of variations. However, unfortunately, it suffers from many inconve-
niences and problems both from the point of view of mathematics and physics. Let us
mention some of the most serious ones.

3.3.1. Effects of nonuniqueness in higher-order
Geometric studies of Poincaré–Cartan equivalents for Lagrangians of orderr ≥ 2 in

field theory resulted in a striking result: formula(3.12) for θλ generally doesnot give
rise to aglobally defined form onJ 2r−1Y . A “globalization” is possible, however, is paid
by nonuniqueness. There appeared a lot of papers dealing with this problem and provid-
ing different constructions of global higher-order Poincaré–Cartan forms; we refer, e.g.,
to [8,11,12,15,21,27,29,35]. It should be stressed that, on the other hand, within a global
variational theory on fibred manifolds based upon the concept of aLepagean n-form(n =
the dimension of the base manifoldX), developed by Krupka since 1971, “true” (global)
Poincaré–Cartan forms appear naturally as special cases of more generalLepagean equiv-
alents of a Lagrangian[31,32,38,41], cf. also[21,51,53]. Also, the role of the local form
θλ is clarified. Let us recall some of the results on Lepageann-forms we shall need later.
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Let s ≥ 0. An n-form ρ on J sY is called aLepagean n-form(of order s) if hiξ dρ = 0
for everyπs+1,0-vertical vector fieldξ onJ s+1Y . The horizontal parthρ of ρ is ann-form
onJ s+1Y , i.e., aLagrangianof orders + 1. We denote

λ = hρ, λ = Lω0, (3.20)

and say thatρ is aLepagean equivalentof the Lagrangianλ. Conversely, it can be shown
[35,41,54]that every Lagrangian has a (global) Lepagean equivalent.

Theorem 3.3(Krupka[35,41]). The following conditions are equivalent:

(1) ρ is a Lepagean n-form of order s.
(2) The(n + 1)-formp1 dρ is πs+1,0-horizontal.
(3) In every fibred chart(V ,ψ), ψ = (xi, yσ ), on Y,

π∗
s+1,sρ = θλ + dν + µ, (3.21)

whereν is a contact(n − 1)-form, andµ is an n-form which is at least2-contact.

The splitting(3.21)is, in general, not coordinate independent. Therefore, in higher-order
field theory, for a global Lagrangian one generally has not a global associated Poincaré–
Cartan equivalentθλ. On the other hand, the forms

Θ = λ + p1ρ = θλ + p1 dν (3.22)

representall global Lepagean equivalents ofλ which are at most1-contact.
If ρ is a Lepageann-form then

π∗
s+1,s dρ = Eλ + F, (3.23)

whereEλ is a 1-contactπs+1,0-horizontal(n + 1)-form, andF is an(n + 1)-form which
is at least 2-contact.Eλ is called theEuler–Lagrange formof the Lagrangianλ; in every
fibred chart,

Eλ =
(

∂L

∂yσ
−

s+1∑
l=1

(−1)ldp1dp2 · · · dpl
∂L

∂yσp1p2···pl

)
ωσ ∧ ω0, (3.24)

i.e., components ofEλ are theEuler–Lagrange expressions. Apparently, ifλ is defined on
J rY then its Euler–Lagrange form is of order≤ 2r. Comparing(3.23) with (3.22) and
(3.21)one can see that

p1 dθλ = p1 dρ = p1 dΘ = Eλ, (3.25)

i.e., contrary toθλ, the formp1 dθλ is definedglobally, andEλ is uniquelydetermined by
the Lagrangianλ (not depending uponν).

Going back to the Hamilton–De Donder theory, we have for a higher-order Lagrangian,
on the Lagrangian side, due to(3.25), unique, globalEuler–Lagrange equations

J 2r−1γ ∗iJ 2r−1ξ dΘ = 0 for everyπ -vertical vector fieldξ onY, (3.26)
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and, on the Hamiltonian side, eithermany localHamilton–De Donder equations, among
which there are the following equationsuniquelydetermined by the Lagrangian,

δ∗iξ dθλ = 0 for everyπ2r−1-vertical vector fieldξ, (3.27)

or globalHamilton–De Donder equations of the form

δ∗iξ dΘ = 0 for everyπ2r−1-vertical vector fieldξ onJ 2r−1Y, (3.28)

which, however,depend upon an auxiliary termp1 dν.
Consequently, one could expect that also the regularity condition and the Legendre trans-

formation should depend uponp1 dν. There is, however, the following interesting and rather
striking result due to Krupka[36] (later obtained also by Gotay[22]), saying thatregularity
does not depend upon the termp1 dν. More precisely,

Theorem 3.4 (Krupka [36]). Let λ be a Lagrangian of order r. Consider its Lepagean
equivalentΘ (3.22)onV2r−1, and set

Θ = −H̄ω0 + p̄i
σ dyσ ∧ ωi + p̄j1i

σ dyσj1
∧ ωi + · · · + p̄

j1···jr−1i
σ dyσj1···jr−1

∧ ωi

+
2r−2∑
k=r

qj1···jki
σ dyσj1···jk ∧ ωi, (3.29)

where

p̄j1···jki
σ =

r−k−1∑
l=0

(−1)ldp1dp2 · · · dpl
∂L

∂yσj1···jkp1···pli
+ qj1···jki

σ , 0 ≤ k ≤ r − 1,

H̄ = −L +
r∑

k=1

p̄j1···jk
σ yσj1···jk +

2r−1∑
k=r+1

qj1···jk
σ yσj1···jk . (3.30)

Let x ∈ V2r−1 be a point. If the Shadwick regularity conditions in a neighbourhood W
of x are satisfied then the system of functions

xi, yσ , yσj1
, . . . , yσj1···jr−1

, p̄j1···jr
σ , . . . , p̄j1

σ , j1 ≤ · · · ≤ jr (3.31)

is a part of a coordinate system on W, and every Hamilton extremalδ passing in W is of the
formπ2r−1,r ◦ δ = J rγ , whereγ is an extremal ofλ.

Any local coordinates onJ 2r−1Y based (3.31), i.e., (xi, yσ , yσj1
, . . . , yσj1···jr−1

,

p̄
j1···jr
σ , . . . , p̄

j1
σ , zJ ), wherezJ ’s are arbitrary, are calledLegendre coordinatesof the La-

grangianλ. Unfortunately, in general,Legendre coordinates do not provide Hamilton–De
Donder equations in a “canonical form”, since the formp1 dν (i.e., the functionsqj1···jki

σ

in (3.29) and (3.30)) may depend upon the additional coordinate functionszJ completing
(3.31)to a chart.

The fact that for higher-order Lagrangians there arise many different possibilities for
Hamilton–De Donder equations which are not completely determined by the Lagrangian,
as well as “bad” properties of the above higher-order Legendre transformations (namely,
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that one has not enough momenta to create a new chart, and that, generally, Legendre
coordinates are not useful for obtaining Hamilton equations in a “canonical form”), have
been considered very strange and unsatisfactory (cf.[5,7,17,22]). They even led Dedecker
to express his doubts about Hamilton theory for higher-order Lagrangians. In his opinion,
it is impossible to create a satisfactory Hamiltonian counterpart of Lagrange theoryunless
the meaning of Hamilton equations, regularity, and Legendre transformation is properly
understood[7].

3.3.2. Equivalent Lagrangians
Another unsatisfactory point concernsthe role of equivalent Lagrangiansin Hamiltonian

field theory [56]. Recall that two Lagrangiansλ1 and λ2 are calledequivalentif their
Euler–Lagrange forms coincide, i.e., if (possibly up to a projection)Eλ1 = Eλ2. It is known,
however, that equivalent field Lagrangians (even of the same order), can differ with respect
to the property ofregularity. To illustrate this explicitly, consider the following example
[56]. Take the fibred manifoldY = R2 × R2 overX = R2 with canonical coordinates
denoted by(x, y, u, v) and(x, y) onY andX, respectively. OnJ 1(R2 × R2) consider the
Lagrange functions

L1 = u2
x, L2 = u2

x + uxvy − uyvx. (3.32)

It is easy to see that they are equivalent. However, checking the regularity condition(3.6),
we get thatL2 is regular whileL1 is not. This means that the Hamilton–De Donder equations
δ∗iξ dθλ1 = 0 are equivalent with the Euler–Lagrange equations (in other words, can be
alternatively used to solve the extremal problem), while the Hamilton–De Donder equations
δ∗iξ dθλ2 = 0 are “constrained” and cannot be used to solve the original extremal problem
in a straightforward way. Thus, although the Lagrangians in(3.32) are equivalent their
Hamilton equations areessentiallydifferent.

The above example suggests an idea that one should betterassociate Hamilton equations
with Euler–Lagrange equations than with a particular Lagrangian. Moreover, if Hamilton
equations are understood asalternativeequations describing anextremal problem, the key
point should be tochoosein the family of all associated Hamilton equations certainmost
appropriateones. When applied within higher-order mechanics, this approach led to a
generalized setting for the Hamilton theory, with a new understanding of regularity and
Legendre transformation, and their role in the theory of variational equations[44–46]. A
generalization of that ideas and results to field theory is subject ofSection 4.

3.3.3. Almost no “true” applications
In our opinion, the most serious point which makes the standard Hamiltonian field theory

unsatisfactory is the fact that it has almost no direct applications in physics: indeed, almost
all important physical fields aresingular(e.g. the Dirac field, the electromagnetic field, the
Yang–Mills field, gravity). This means that to study physical fields, additional techniques
have to be developed and applied, namely theDirac theory of constraints. Unfortunately,
this brings new complications and troubles (cf.[19]). On the other hand, in what follows
we shall see that within a new setting, the above mentioned “singular” Lagrangians turn
to be no more singular, and there isno need to apply constraint techniquesfor obtaining
Hamilton equations for them.
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3.4. Fresh ideas

Independently of the above mentioned “standard” Hamilton–De Donder theory there ap-
peared some other ideas bringing a new insight into the problem of developing a Hamiltonian
counterpart to the Euler–Lagrange equations.

3.4.1. Dedecker’s Hamilton equations
In 1977, Dedecker[5] published a paper containing a completely different Hamiltonian

formulation of the first-order field theory. His point was to find Hamilton equations for
first-order Lagrangiansdefined oncontact elements. Since in this situation there is no
natural fibred structure, and the formsλ = Lω0 are not invariant, he took in place of a
Lagrangianλ then-form

ρ =Lω0 + ∂L

∂yσj
ωσ ∧ ωj +

∑
Λj1j2

σ1σ2
ωσ1 ∧ ωσ2 ∧ ωj1j2 + · · ·

+
∑

Λj1···jn
σ1···σnω

σ1 ∧ · · · ∧ ωσn ∧ ωj1···jn , (3.33)

where theΛj1j2
σ1σ2, . . . , Λ

j1···jn
σ1···σn arearbitrary functions of the coordinates(xk, yρ, yρp), and

the indicated summation extends only over increasing sequences of indices. Reformulating
and summarizing Dedecker’s results for thefibredcase, we get the following theorem.

Theorem 3.5(Dedecker[5]). Consider the equation

δ∗iξ ρ = 0 for everyπ1-verticalvector fieldξ onJ 1Y. (3.34)

Suppose that the condition

det

(
∂2L

∂yσj ∂y
ν
k

− Λij
σν

)

= 0 (3.35)

is satisfied. Then, every solutionδ of (3.34)which is an integral section of the ideal generated
by the n-forms

ωσ1 ∧ ωσ2 ∧ ωi1i2, ωσ1 ∧ ωσ2 ∧ ωσ3 ∧ ωi1i2i3, . . . ωσ1 ∧ · · · ∧ ωσn, (3.36)

is holonomic(i.e., δ = J 1γ ), and its projectionγ = π1,0 ◦ δ is an extremal of the Lagran-
gian L.

We shall callEq. (3.34)for sections annihilating(3.36)Dedecker–Hamilton equations,
and the condition(3.35)Dedecker regularity condition. In view of results mentioned above,
Dedecker–Hamilton equations represent a generalization of the Hamilton–De Donder equa-
tions to the case when, in place of the Poincaré–Cartan formθλ, a general Lepagean equiv-
alent of a first-order Lagrangian is considered. The regularity condition(3.35)ensures a
bijective correspondencebetweenextremalsand asubset of Hamilton extremals—the family
of integral sections of(3.36).

As pointed out by Dedecker, the dependence of his regularity condition upon the “para-
meters”Λij

σν brings a new possibility for understanding the role of regularity in the calculus
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of variations. Namely, for a given LagrangianL one can pose a question whether there
existfunctionsΛij

σν such that the condition(3.35)is satisfied. Dedecker also illustrated this
“regularization procedure” explicitly, showing that it works in the case of a two dimensional
electromagnetic field[5].

3.4.2. Krupka–Štěpánková’s regularity
Another approach to Hamilton theory, based on Hamilton–De Donder equations, has

been proposed by Krupka and Štěpánková[43]. The idea was that the “true order” of
the Hamilton–De Donder equations must be taken into account. More precisely, for some
Lagrangians of orderr ≥ 2, their Poincaré–Cartan form isπ2r−1,s-projectable, where
s < 2r − 1; in this case, it is apparently inappropriate to apply the standard procedure
leading to considering Hamilton equations of order 2r − 1. The problem must be better
studied as a problem of order s.

In [43], Krupka and Šťepánková applied their idea to an important class ofsecond-order
Lagrangianswith π2,1-projectableθλ. Let us mention some of the main results. The first
point is thedefinition of regularity, different from(3.6): a Lagrangian is called regular if
every its Hamilton extremal is holonomic. Next, the following second-order Lagrangians
affine in the second derivatives were considered:λ = Lω0, where

L = L0(x
i, yσ , yσj ) + hpq

ν (xi, yσ )yνpq. (3.37)

It can be seen that the expression ofL in the form(3.37) is saved with respect to fibred
transformations, and the Poincaré–Cartan formθλ is projectableontoJ 1Y . Thus, the dy-
namical space for such extremal problems isJ 1Y (and notJ 3Y , as usually considered),
and the Euler–Lagrange equations, respectively, the Hamilton–De Donder equations read
as follows:

J 1γ ∗iJ 1ξ dθλ = 0 for everyπ -vertical vector fieldξ onY,

δ∗iξ dθλ = 0 for everyπ1-vertical vector fieldξ onJ 1Y. (3.38)

Although in the sense of the “conventional” regularity condition(3.17), Lagrangians
(3.37)are apparentlysingular, the following theorem holds.

Theorem 3.6(Krupka and Šťepánková[43]). Letλ be a Lagrangian of the form(3.37). If
the condition

det

(
∂2L0

∂yσi ∂y
ν
k

− ∂hik
σ

∂yν
− ∂hki

ν

∂yσ

)

= 0 (3.39)

is satisfied thenλ is regular, the Euler–Lagrange and the Hamilton–De Donder equations
(3.38)are equivalent, and the mapping

(xi, yσ , yσj ) → (xi, yσ , pj
σ ), pj

σ = ∂L0

∂yσj
− ∂h

jk
σ

∂xk
−
(
∂h

jk
σ

∂yν
+ ∂h

kj
ν

∂yσ

)
yνk (3.40)

is a local coordinate transformation onJ 1Y .
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Since

θλ = −Hω0 + pj
σ dyσ ∧ ωj + d(hji

σ y
σ
j ωi), (3.41)

where

H = −L0 + ∂L0

∂yσj
yσj − ∂h

jk
σ

∂yν
yσj y

ν
k , (3.42)

and the momentapj
σ are given by(3.40), one gets Hamilton–De Donder equations expressed

in theLegendre coordinates(3.40)in the “familiar” canonical form

∂yν

∂xk
= ∂H

∂pk
ν

,
∂pi

ν

∂xi
= − ∂H

∂yν
. (3.43)

To summarize, Lagrangian systems defined by second-order Lagrangians(3.37)are natu-
rally of thefirst-order. If, moreover, regularity is understood in a more general (and geomet-
rical) way as a condition for one-to-one correspondence between extremals and Hamilton
extremals, one obtains a new regularity condition(3.39) and formulas(3.42) and (3.40)
for the Hamiltonian and momenta, which differ from the usual ones, however, contain the
standard formulas for first-order Lagrangians as a special case.

As pointed out by Krupka and Štěpánková, the above results directly apply to the
Einstein–Hilbert Lagrangian(scalar curvature) of the general relativity theory (for explicit
computations see[43], cf. also[28]). Thus, within this setting, gravity naturally appears as
afirst-order regulartheory (without constraints).

Later the above ideas were applied to study also some other kinds of higher-order
Lagrangians with projectable Poincaré–Cartan forms by Garcia and Muñoz Masqué[16]
(cf. also comments in[17]).

4. A new look at Hamilton field theory

Now, we are in position to explain our setting for Hamiltonian field theories on fibred
manifolds. Inspired by Dedecker’s approach to Hamilton equations[5], and Krupka’s theory
of Lepageann-forms[31,35,41], our approach is a straightforward generalization to field
theory of ideas developed withinhigher-order mechanics, andbased upon the so-called
Lepagean2-forms(2 = dimX + 1) [44–46].

4.1. Lagrangian and Hamiltonian systems

A (n + 1)-form E on J sY , s ≥ 1, is called adynamical formif it is 1-contact and
πs,0-horizontal. This means thatE is a dynamical form iff in every fibred chart

E = Eσω
σ ∧ ω0, (4.1)

whereEσ are functions onVs ⊂ J sY . A sectionγ of π is called apathof E if E ◦J sγ = 0
(E considered as a section of the bundleΛn+1(J sY ) → J sY ). In fibred coordinates this
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equation represents asystem of m partial differential equations of order s,

Eσ (x
i, γ ν,Djγ

ν, . . . , Dj1···js γ
ν) = 0 (4.2)

for the componentsγ ν(xi), 1 ≤ ν ≤ m, of γ .
The key-concept in the present approach is that of aLepagean(n + 1)-form.

Definition 4.1. Let s ≥ 0. A closed(n+ 1)-formα onJ sY will be calledLepageanif p1α

is a dynamical form.

In what follows, let us denote

p1α = E. (4.3)

We can see thatE ∈ Λn+1
Y (J s+1Y ).

If α is a Lepagean(n+1)-form andE = p1α, we also say thatα is aLepagean equivalent
of E.

With help of the definition of a Lepageann-form and the Poincaré Lemma the following
proposition is obtained immediately.

Proposition 4.1.

(1) Every Lepagean(n + 1)-form locally equals to the exterior derivative of a Lepagean
n-form.

(2) The1-contact part E of a Lepagean(n+1)-form is a locally variational form(i.e., there
exists an open covering ofJ s+1Y such that, on each set of this covering, E coincides
with the Euler–Lagrange form of a Lagrangian).

(3) If α is a Lepagean(n + 1)-form then the equations for paths ofE = p1α are the
Euler–Lagrange equations.

(4) If α is a Lepagean(n + 1)-form then the componentsEσ of E = p1α satisfy the
identities

∂Eσ

∂yνj1j2···jl
−

s+1∑
k=l

(−1)l
(
k

l

)
djl+1djl+2 · · · djk

∂Eν

∂yσj1j2···jl
= 0, 0 ≤ l ≤ s + 1.

(4.4)

Recall that(4.4) are necessary and sufficient conditions for local variationality of a
dynamical form; they are calledAnderson–Duchamp–Krupka conditions[2,34].

We say that two Lepagean(n + 1)-formsα1 andα2 (possibly of different orders) are
equivalentif (up to a possible projection)

p1α1 = p1α2. (4.5)

The equivalence class ofα will be denoted by [α].

Definition 4.2. The class [α] of all equivalent Lepagean(n+1)-forms is called aLagrangian
system. Paths of a Lagrangian system are calledextremals.



O. Krupkov́a / Journal of Geometry and Physics 43 (2002) 93–132 109

Note that the class [α] containsall Lepagean equivalents of the locally variational form
E = p1α. This means that the class [α] is a representative of the family ofall equivalent
Lagrangianswhose Euler–Lagrange form (possibly locally) coincides withE.

Proposition 4.2. Let [α] be a Lagrangian system, E = p1α the corresponding dynamical
form. Lets ≥ 0 denote the minimum of the set of orders of the forms belonging to the class
[α]. The following conditions are equivalent:

(1) A sectionγ : U → Y defined on an open subset U of X is an extremal of E.
(2) For everyπ -vertical vector fieldξ on Y,

J sγ ∗iJ sξ α = 0, (4.6)

whereα is any representative of order s of the equivalence class[α].

Proof. Suppose (1). Then, by definition,E◦J s+1γ = 0, i.e.,Eσ ◦J s+1γ = 0, 1≤ σ ≤ m.
This means that for everyπ -vertical vector fieldξ onY ,

J s+1γ ∗iJ s+1ξE = J s+1γ ∗((Eσ ξ
σ )ω0) = ((Eσ ξ

σ ) ◦ J s+1γ )ω0 = 0.

Hence, we get for everyπ -vertical vector fieldξ on Y , and everyα ∈ [α] such thatα is
defined onJ sY ,

J sγ ∗iJ sξ α = J s+1γ ∗iJ s+1ξπ
∗
s+1,sα = J s+1γ ∗iJ s+1ξπ

∗
s+1,s(p1α)

= J s+1γ ∗iJ s+1ξE = 0.

Conversely, suppose thatγ satisfiesEq. (4.6). Taking (any)α ∈ [α] defined onJ sY , and
usingE = p1α, we get by similar arguments as above,E ◦ J s+1γ = 0. �

Accordingly,(4.6)are calledEuler–Lagrange equationscorresponding to the Lagrangian
system [α].

Remark 4.1 (On the order of a Lagrangian system). Let us stop for a moment to discuss
the concept of theorder of a Lagrangian system. First, note that usually a Lagrangian
system of orderr is identified with aglobal Lagrangian onJ rY . Here,Definition 4.2of a
Lagrangian system is more general. It means in fact that a Lagrangian system isa family
of all equivalent Lagrangianswhich give rise to an Euler–Lagrange form. It should be
stressed that this family containsLagrangians of all orders starting from a certain minimal
onewhich aredefined on open subsetsof the corresponding jet prolongations of the fibred
manifoldπ : Y → X. Often, there existsno global Lagrangian: obstructions lie in the
topology ofY . Even if a global Lagrangian does exist, it is known that its order equals to
the order of the corresponding Euler–Lagrange form. The question under what conditions
a global Lagrangian isglobally reducibleto a minimal order Lagrangian (i.e., under what
conditions there exists a global Lagrangian of the minimal order forE), is still open (for
more details see[2,25,42]).

Since in a general situation a Lagrangian system is characterized rather by a family of local
Lagrangians of different orders than by a distinguished global minimal order Lagrangian,
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the above understanding of a Lagrangian system as anequivalence class of Lepagean
(n+ 1)-forms, becomes quite natural. However, one has to precise the concept of theorder
of a Lagrangian system. Apparently, with a Lagrangian system two characteristic numbers
are associated:

(i) The minimum of the set of orders of the forms belonging to the class [α]: by Proposition
4.2, this number,s, characterizes the jet prolongation,J sY , where thedynamicspro-
ceeds, and is directly related with the “true” order of the Euler–Lagrange form. The
corresponding Euler–Lagrange equations are PDE of orders + 1. We shall calls the
dynamical orderof the Lagrangian system [α].

(ii) The minimum of the set of orders of all Lagrangians giving rise to the Lagrangian
system [α]: This number,r0, will be called theorder of the Lagrangian system [α].
Note that ifs is the dynamical order of [α], one hass ≤ 2r0 − 1.

Note that the above definitions are concerned merely with characteristics directly refer-
ring to dynamics, hence common to equivalent Lagrangians, while distinct properties of
particular Lagrangians which are not essential for the dynamics are eliminated.

In view of the above remarks, in particular, by afirst-order Lagrangian systemwe shall
mean afamily of (local) equivalent first-order Lagrangians onJ 1Y , or, equivalently, an
Euler–Lagrange form possessing(local) first-order Lagrangians. Note that this means that
a first-order Lagrangian system is either of thedynamical order0, corresponding toE on
J 1Y , or 1, corresponding toE defined onJ 2Y (and not projectable ontoJ 1Y ).

Definition 4.3. By aHamiltonian system of order s, we shall mean a Lepagean(n+1)-form
α onJ sY . A sectionδ of the fibred manifoldπs is called aHamilton extremal ofα if

δ∗iξ α = 0 for everyπs-vertical vector fieldξ onJ sY. (4.7)

Eq. (4.7)will be then calledHamilton equationsof α.

Note that Hamilton equations are not uniquely determined by an Euler–Lagrange form
(respectively, by a Lagrangian) but depend upon the formπ∗

s+1,sα − E, i.e., the part of
α which isat least2-contact. Consequently, one hasmany different “Hamilton theories”
associated to a given variational problem.

On the other hand, we can see that two differentLepagean n-formsρ1 andρ2 (possibly of
different orders) give rise to thesameHamiltonian system whenever dρ1 = dρ2, i.e., locally,
ρ2 = ρ1 +dη. In this sense, we can understand a Hamiltonian system to be the equivalence
class of (generally locally defined)Lepagean n-forms, differing by closed(n − 1)-forms,
and we have the following terminology.

Definition 4.4. Let 1 ≤ i ≤ n. If in a neighbourhood of every point inJ sY there exists an
at most i-contactLepageann-formρ such thatα = dρ, we call the corresponding Hamilton
Eq. (4.7)Hamiltonpi-equations, and we speak aboutHamiltonpi-theory.

In particular,Hamiltonp1-equationsare locally based upon the Poincaré–Cartan form
Θ, i.e., they are the familiar Hamilton–De Donder equations.
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Hamiltonp2-equationsare locally based upon a Lepagean formρ = Θ +µ2, whereµ2
is 2-contact. Hamiltonp2-equations related with first-order Lagrangians have been studied
in [49,50], second-order Lagrangians are discussed in[58].

Hamiltonpn-equations are locally based upon a general Lepageann-form. A first-order
case (on manifolds of contact elements) was studied by Dedecker[5] (recallSection 3.4).
Higher-order Hamilton equations of this kind (on fibred manifolds) appear in[36], however,
only the Hamilton–De Donder caseρ = Θ is discussed.

For a Hamiltonian systemα of orders ≥ 1, the sets of extremals and Hamilton extremals
need not be in bijective correspondence, i.e., a Hamiltonian system may possess Hamilton
extremals which are not prolongations of extremals. Moreover, in general, not every Hamil-
ton extremal projects onto an extremal. However, it is easy to show the following relations
between the sets of extremals and Hamilton extremals.

Proposition 4.3. Let [α] be a Lagrangian system, E = p1α the related locally variational
form.

(1) If γ is an extremal of E then for every Lepagean equivalentα of E, the sectionδ = J sγ

(where s is the order ofα) is a Hamilton extremal ofα. Conversely, ifα is a Lepagean
equivalent of E defined onJ sY and δ is a holonomic Hamilton extremal ofα then
γ = πs,0 ◦ δ is an extremal of E.

(2) For α defined onJ sY , the mapJ s is a bijection between the set of extremals of E and
the set of holonomic Hamilton extremals ofα.

Proof. Both the assertions in (1) follow directly from the fact that forδ = J sγ the equation
J sγ ∗iξ α = 0 (for everyπs-verticalξ onJ sY ) depends only upon the projectionT πs,0 · ξ
of ξ ontoY .

Let us show (2). By the second part of (1),J s is surjective. It is also injective, since if
for two holonomic Hamilton extremals,δ1 = J sγ1 andδ2 = J sγ2 it holdsδ1 = δ2, we get
by (1),γ1 = πs,0 ◦ δ1 = πs,0 ◦ δ2 = γ2. �

Remark 4.2. Let us mention the geometric meaning of the Hamiltonequation (4.7). Denote

Ds
α = {iξ α|whereξ runs over allπs-vertical vector fields onJ sY }. (4.8)

We call the ideal of differential forms onJ sY generated by the system ofn-formsDs
α the

Hamiltonian idealrelated withα. Now, Eq. (4.7)means that Hamilton extremals identify
with integral sectionsof the Hamiltonian ideal. From the point of view of the geometric
theory of differential equations, this is an extremely important property, pointing out the
geometric contentof Hamilton theoryin contrast with a usual understanding it merely
as a certain “formalism” in the calculus of variations. Moreover, in view of the above
proposition, if [α] is a Lagrangian system, each of its associated Hamiltonian systems (i.e.,
Lepagean(n+1)-forms belonging to the class [α]) can be viewed as a differentextensionof
the original variational problem. Consequently, in any concrete situation one can utilize the
possibility to apply additional requirements (geometrical and/or physical) to choose from
many alternative Hamiltonian systems related with a given Lagrangian system the “most
appropriate” one. This will be our task in the next sections.
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4.2. First-order Hamiltonian systems

In the sequel of this paper, we shall study in detail the case of Lepagean(n + 1)-forms
defined onJ 1Y . These Hamiltonian systems are the most simple ones from the mathematical
point of view, and, moreover,from the physical point of view they represent Hamiltonian
counterparts of all the most interesting Lagrangian systems in field theory. For higher-order
generalizations we refer to[47,48].

Let α be a Lepagean(n+ 1)-form onJ 1Y . Using the canonical decomposition ofα into
the sum ofi-contact components, 1≤ i ≤ n + 1, we write

π∗
2,1α = E + F + G,

whereE = p1α (as above),F = p2α, andG is at least3-contact. We also set

α̂ = E + F, (4.9)

and callα̂ the principal part ofα. Note thatα̂ is an(n + 1)-form onJ 2Y , generallynot
closed.

Theorem 4.1. Letα be a Lepagean(n+1)-form onJ 1Y . The following two assertions are
equivalent:

(1) p2 dα = 0.
(1) E satisfies the Anderson–Duchamp–Krupka conditions, i.e.,

∂Eσ

∂yν
− ∂Eν

∂yσ
+ dj

∂Eν

∂yσj
− djdk

∂Eν

∂yσjk
= 0,

∂Eσ

∂yνj
+ ∂Eν

∂yσj
− 2dk

∂Eν

∂yσjk
= 0,

∂Eσ

∂yνjk
− ∂Eν

∂yσjk
= 0, (4.10)

and F takes the form

F =
(

1

4

(
∂Eσ

∂yνi
− ∂Eν

∂yσi

)
− djf

i,j
σν

)
ωσ ∧ ων ∧ ωi +

(
∂Eσ

∂yνij
− 2f j,i

νσ

)
ωσ

∧ων
j ∧ ωi + f jk,i

σν ωσ
j ∧ ων

k ∧ ωi, (4.11)

where

f j,k
σν − f k,j

νσ − dif
ik,j
σν = 0, (4.12)

andf i,j
σν , f jk,i

σν are arbitrary functions satisfying the antisymmetry relations

f j,k
σν = −f k,j

σν , f ki,j
σν = −f ji ,k

σν , f ki,j
σν = −f ik,j

νσ . (4.13)

Proof. Takingα̂ in the form(4.9), denote

E =Eσω
σ ∧ ω0,

F = F ,i
σνω

σ ∧ ων ∧ ωi + 2Fj,i
σν ω

σ
j ∧ ων ∧ ωi + F jk,i

σν ωσ
j ∧ ων

k ∧ ωi, (4.14)



O. Krupkov́a / Journal of Geometry and Physics 43 (2002) 93–132 113

where

F ,i
σν = −F ,i

νσ , F jk,i
σν = −F kj,i

νσ . (4.15)

We get

p2 dE = ∂Eσ

∂yν
ων ∧ ωσ ∧ ω0 + ∂Eσ

∂yνk
ων
k ∧ ωσ ∧ ω0 + ∂Eσ

∂yνkl

ων
kl ∧ ωσ ∧ ω0,

p2 dF = diF
,i
σνω

σ ∧ ων ∧ ω0 + 2(diF
j,i
σν + F ,j

σν)ω
σ
j ∧ ων ∧ ω0

+ (diF
jk,i
σν + 2Fj, k

σν )ωσ
j ∧ ων

k ∧ ω0 + 2Fj,i
σν ω

σ
ji ∧ ων ∧ ω0

+ 2F jk,i
σν ωσ

ji ∧ ων
k ∧ ω0.

Condition (1) of the theorem meansp2 dE+p2 dF = 0, and we get the following identities:

1

2

(
∂Eν

∂yσ
− ∂Eσ

∂yν

)
+ diF

,i
σν = 0,

∂Eν

∂yσj
+ 2diF

j,i
σν + 2F ,j

σν = 0,

diF
jk,i
σν + Fj,k

σν − Fk,j
νσ = 0,

∂Eν

∂yσji
+ Fj,i

σν + F i,j
σν = 0, F jk,i

σν + F ik,j
σν = 0. (4.16)

Hence,

(F ik,j
σν )sym(ij) = 0, (F i,j

σν )sym(ij) = −1

2

∂Eν

∂yσji
, (4.17)

where sym(ij) means symmetrization in the indicated indices. Let us denote byf
ik,j
σν , and

f
i,j
σν the antisymmetric part with respect to the indicesi, j of theF ik,j

σν andF i,j
σν , respectively.

Then the third equation of(4.16)takes the form

dif
jk,i
σν + (F j,k

σν )sym(jk) + f j,k
σν − (F k,j

νσ )sym(jk) − f k,j
νσ = 0,

i.e., it splits (by taking its symmetric and antisymmetric part inj, k) to the following two
relations:

1
2di(f

jk,i
σν + f kj,i

σν ) + (F j,k
σν )sym(jk) − (F k,j

νσ )sym(jk) = 0,
1
2di(f

jk,i
σν − f kj,i

σν ) + f j,k
σν − f k,j

νσ = 0. (4.18)

Since, however,

f jk,i
σν + f kj,i

σν = −f ik,j
σν − f ij ,k

σν = f ki,j
νσ + f jk,i

νσ = 0,

the first of the above relations becomes

(F j,k
σν )sym(jk) − (F k,j

νσ )sym(jk) = 0,

i.e., by(4.17),

∂Eσ

∂yνjk
− ∂Eν

∂yσjk
= 0,
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which is one of the variationality conditions(4.10). In the second of the relations(4.18),
we recognize(4.12).

Now, let us consider the second of theEq. (4.16). It splits into two relations, the sym-
metrized and antisymmetrized one inσ, ν, respectively. Computing the symmetrized part,
we get using(4.17) and (4.12),

−1

2

(
∂Eσ

∂yνj
+ ∂Eν

∂yσj

)
= di((F

j,i
σν )sym(ij) + (F j,i

νσ )sym(ij) + f j,i
σν + f j,i

νσ )

= −1

2
di

(
∂Eν

∂yσij
+ ∂Eσ

∂yνij

)
+ di(f

j,i
σν + f i,j

σν ) − didkf
kj,i
σν

= −di
∂Eν

∂yσij
,

i.e., the second of the variationality conditions. The corresponding antisymmetrized part
becomes

F ,j
σν = 1

4

(
∂Eσ

∂yνj
− ∂Eν

∂yσj

)
− 1

2
di(f

j,i
σν − f i,j

σν ) − 1

2
didkf

kj,i
σν ,

and since the last term,didkf
kj,i
σν , equals 0,

F ,j
σν = 1

4

(
∂Eσ

∂yνj
− ∂Eν

∂yσj

)
− dif

j,i
σν . (4.19)

Collecting(4.17) and (4.19), we can see thatF is of the form(4.11), as desired.
Finally, one has to utilize the first relation of(4.16). However, substituting(4.19)and

using the second and third relation of(4.10), we easily obtain

0= ∂Eν

∂yσ
− ∂Eσ

∂yν
+ 1

2
dj

(
∂Eσ

∂yνj
− ∂Eν

∂yσj

)
+ 2djdif

j,i
σν

= −
(
∂Eσ

∂yν
− ∂Eν

∂yσ
+ dj

∂Eν

∂yσj
− djdk

∂Eν

∂yσjk

)

which is the first of(4.10), and we are done.
Conversely, takingF in the form(4.11), computingp1 dE + p2 dF , and using(4.10),

(4.12) and (4.13), we arrive atp2 dα = 0. �

Remark 4.3. Note that the 2-contact partF of α (given by the formulas(4.11)–(4.13)) can
be expressed as follows:

F = FE − p2 dφ, FE = 1

4

(
∂Eσ

∂yνi
− ∂Eν

∂yσi

)
ωσ ∧ ων ∧ ωi + ∂Eσ

∂yνij
ωσ ∧ ων

j ∧ ωi,

φ = 1

2
(f i,j

σν ω
σ ∧ ων ∧ ωij + f ik,j

σν ωσ ∧ ων
k ∧ ωij ) (4.20)

and the relations(4.12) and (4.13)hold.
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Let us recall transformation properties of the contact formsωσ , ωσ
j . If (xi, yσ , yσj ) and

(x̄i , ȳσ , ȳσj ) are fibred coordinates defined on an open subset ofJ 1Y , it holds

ω̄σ = ∂ȳσ

∂yν
ων, ω̄σ

j =
∂ȳσj

∂yνk
ων
k +

∂ȳσj

∂yν
ων. (4.21)

Taking into account these formulas, one can see immediately that in the class [α] there are
distinguished elements as follows.

Corollary 4.1. The forms F(4.11)with f
jk,i
σν = 0 are invariant under fibred transforma-

tions.

Consequently, to a Lagrangian system [α] one can associate a family of Hamiltonian
systems with the 2-contact partsF = FE − p2 dφ, whereφ is π2,0-horizontal, i.e.,

φ = 1
2f

i,j
σν ω

σ ∧ ων ∧ ωij , f i,j
σν = −f j,i

σν = −f i,j
νσ . (4.22)

Corollary 4.2. Letλ be a first-order Lagrangian. Then putting in(4.11)

f jk,i
σν = 0, f i,j

σν = 1

4

(
∂2L

∂yσi ∂y
ν
j

− ∂2L

∂yσj ∂y
ν
i

)
, (4.23)

one obtains a family of associated Hamiltonian systems such that

α̂ = E + F = dθλ. (4.24)

Proof. For the choice(4.23), the (anti)symmetry relations of(4.22)are obviously satisfied.
Substituting(4.23)into (4.20)and using

Eσ = ∂L

∂yσ
− dj

∂L

∂yσj
,

we get

F = 1

2

(
∂2L

∂yσ ∂yνi
− ∂2L

∂yν∂yσi

)
ωσ ∧ ων ∧ ωi − ∂2L

∂yσi ∂y
ν
j

ωσ ∧ ων
j ∧ ωi = p2 dθλ.

So, we are done. �

Remark 4.4. First-order Hamiltonian systems are associated with Euler–Lagrange forms
defined onJ 2Y . This means that the family of Lagrangian systems which admit afirst-order
Hamiltoniancounterpart consists of two essentially different subfamilies:

(i) First-order Lagrangian systems—if the Euler–Lagrange form possesses (at least local)
first-order Lagrangians. An important example of such a Lagrangian system (behind the
scalar, spinor, electromagnetic, Yang–Mills and other physical fields) isgravity, usually
represented byscalar curvature(which is a second-order Lagrangian, however, locally
reducible to the first-order).
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(ii) A class ofsecond-order Lagrangian systems: in this case the minimal-order Lagrangians
forE are nontrivially of ordertwo(i.e., are not reducible to the first-order). This concerns
for example all the second-order Euler–Lagrange expressions which are nonaffine in
the second derivatives of the field variables.

Hence,Theorem 4.1(respectively, formula(4.20)) covers allsecond-order Lagrangian
systemswith second-order Euler–Lagrange equations. However, in the case (i), we obtain
some simplifications. To see this, notice that ifλ is a first-order Lagrangian then the 2-contact
part of every itsfirst-order Lepagean equivalentρ becomes

p2ρ = gij
σνω

σ ∧ ων ∧ ωij + hq,ijσν ω
σ ∧ ων

q ∧ ωij + hpq,ij
σν ωσ

p ∧ ων
q ∧ ωij ,

where

gij
σν = −gji

σν = −gij
νσ , hq,ijσν = −hq,jiσν , hq,ijσν + hj,iqσν = 0,

hpq,ij
σν = −hpq,ji

σν = −hqp,ij
νσ , hpq,ij

σν + hpj,iq
σν = 0.

In particular, one has Lepagean equivalents which areπ1,0-horizontal, i.e.,hq,ijσν = h
pq,ij
σν = 0

(cf. (3.33)). Now, computing the principal part of the corresponding Hamiltonian system
α = dρ, we get

α̂ = dθλ + 2dkg
ik
σνω

σ ∧ ων ∧ ωi + 2(2gij
σν + dkh

j,ik
σν )ω

σ ∧ ων
j ∧ ωi

+ 2(hk,ijσν + dph
jk,ip
σν )ωσ

j ∧ ων
k ∧ ωi. (4.25)

Comparing this formula withTheorem 4.1gives us the following result.

Proposition 4.4. Every first-order Hamiltonian system associated with a first-order
Lagrangian system is of the form described byTheorem 4.1, where

f jk,i
σν = hk,ijσν + hj,ikνσ + 2dph

jk,ip
σν , f j,i

νσ = 1

2

∂Eσ

∂yνij
+ 1

2

∂2L

∂yσi ∂y
ν
j

− 2gij
σν − dkh

j,ik
σν .

If, in particular, α = dρ, whereρ is π1,0-horizontal, one has

f jk,i
σν = 0, f i,j

σν = 3

4

∂2L

∂yσi ∂y
ν
j

+ 1

4

∂2L

∂yσj ∂y
ν
i

− 2gij
σν.

4.3. Regularity as a geometrical concept

Definition 4.5. A sectionδ of the fibred manifoldπs : J sY → X is called aDedecker’s
sectionif δ∗µ = 0 for every at least 2-contact formµ onJ sY .

A Dedecker’s section which is a Hamilton extremal ofπ∗
2,1α is calledDedecker–Hamilton

extremalof α. Hamilton equations, considered as equations for Dedecker’s sections, are
calledDedecker–Hamilton equations.

Let us study relations between Hamilton extremals and Dedecker–Hamilton extremals
of a Hamiltonian system.
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Proposition 4.5. Letα be a first-order Hamiltonian system. Ifδ̂ is a Dedecker–Hamilton
extremal ofα thenδ = π2,1 ◦ δ̂ is a Hamilton extremal ofα.

Proof. For aπ1-vertical vector fieldξ onJ 1Y , denote bŷξ aπ2-vertical,π2,1-projectable
vector field onJ 2Y which projects ontoξ . Thenδ∗iξ α = (π2,1 ◦ δ̂)∗iξ α = δ̂∗π∗

2,1iξ α =
δ̂∗i

ξ̂
π∗

2,1α = 0, proving our assertion. �

If α̂ is the principal part of a first-order Hamiltonian systemα, denote byDα̂ the fam-
ily of n-forms iξ α̂, whereξ runs over allπ2-vertical vector fields onJ 2Y . It is clear
that Dedecker–Hamilton extremals ofα are those Dedecker’s sections which areintegral
sectionsof the ideal generated byDα̂. Using(4.11), we immediately get thatDα̂ is locally
spanned by the followingn-forms:

ηpq
ρ = i∂/∂yρpq

α̂ = 0, ηpρ = i∂/∂yρp α̂ = −
(
∂Eν

∂y
ρ
ip

−2f p,i
ρν

)
ων ∧ ωi−2f jp,i

νρ ων
j ∧ ωi,

ηρ = i∂/∂yρ α̂ = Eρω0 + 1

2

(
∂Eρ

∂yνi
− ∂Eν

∂y
ρ
i

− 4djf
i,j
ρν

)
ων ∧ ωi

+
(
∂Eρ

∂yνij
− 2f j,i

νρ

)
ων
j ∧ ωi. (4.26)

The (invariant) choicef jk,i
σν = 0 for α̂ then simplifies theηpρ ’s to

ηpρ = −
(
∂Eν

∂y
ρ
pi

− 2f i,p
νρ

)
ων ∧ ωi. (4.27)

Definition 4.6. We call a Hamiltonian systemα on J 1Y regular if rankDα̂ = rankVπ1,
and the system of local generators ofDα̂ contains all then-forms

ωσ ∧ ωi, 1 ≤ σ ≤ m, 1 ≤ i ≤ n. (4.28)

We refer to(4.28)as localcanonical1-contactn-formsonJ 1Y .

Note that by definition, every Dedecker–Hamilton extremal of aregular Hamiltonian
system isholonomic up to the first-order, i.e.,

π2,1 ◦ δ̂ = J 1(π2,0 ◦ δ̂). (4.29)

Consequently, applyingProposition 4.3, we immediately get the following fundamental
property of regular Hamiltonian systems.

Theorem 4.2. Letα be a first-order Hamiltonian system. Ifα is regular then it holds:

(1) Every Dedecker–Hamilton extremal ofα projects onto an extremal ofE = p1α.
(2) The mapJ 1 is a bijection of the set of extremals ofE = p1α onto the set ofπ2,1-projections

of Dedecker–Hamilton extremals of E.
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Now, we shall be interested in finding explicitregularity conditionsfor first-order Hamil-
tonian systems.

Proposition 4.6. Let α be a first-order Hamiltonian system. Assume thatrankDα̂ =
rankVπ1,and for everyπ2,0-vertical vector fieldξ onJ 2Y the n-formiξ α̂ isπ2,0-horizontal.
Then, α is regular.

Proof. By (4.26), the condition that for everyπ2,0-vertical vector fieldξ on J 2Y , iξ α̂ is

π2,0-horizontal means that all the functionsf jk,i
σν are equal 0, i.e.,Dα̂ contains the forms

(4.27). The condition rankDα̂ = m(n + 1) then implies that the forms(4.27)are linearly
independent. Hence, all the formsωσ ∧ ωi belong toDα̂, proving thatα is regular. �

In keeping notations ofTheorem 4.1, we have the following result.

Theorem 4.3. Letα be a first-order Hamiltonian system. Suppose that

f jk,i
σν = 0. (4.30)

The following conditions are equivalent:

(1) It holds

det

(
∂Eσ

∂yνij
− 2f i,j

σν

)

= 0, (4.31)

where in the indicated(mn× mn)-matrix, (σ, i) labels rows and(ν, j) labels columns.
(2) α is regular.

Proof. Taking into account(4.26), we can see that the assumptions(4.30) and (4.31)ensure
that the formsηpρ are independent, i.e., thatDα̂ is locally generated by the forms

ωσ ∧ ωi, Eσω0 +
(
∂Eσ

∂yνij
− 2f j,i

νσ

)
ων
j ∧ ωi, 1 ≤ σ ≤ m, 1 ≤ i ≤ n. (4.32)

However, by(4.31), the matrix(∂Eσ /∂y
ν
ij − 2f i,j

σν ) with m rows labelled byσ andmn2

columns labelled by(ν, j, i) has the maximal rank,m. Hence, rankDα̂ = mn+ m =
rankVπ1, proving thatα is regular.

Conversely, iff jk,i
σν = 0, we haveDα̂ spanned by the system ofn-forms(

∂Eν

∂y
ρ
ip

− 2f p,i
ρν

)
ων ∧ ωi,

Eρω0 + 1

2

(
∂Eρ

∂yνi
− ∂Eν

∂y
ρ
i

− 4djf
i,j
ρν

)
ων ∧ ωi +

(
∂Eρ

∂yνij
− 2f j,i

νρ

)
ων
j ∧ ωi.

By the regularity assumption, rankDα̂ = rankVπ1 = mn+ m, which means that all the
above generators are independent. Consequently,(4.31)holds. �
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Notice that the domain of definition of the functionsf
i,j
σν in (4.31)is an open subset ofJ 2Y .

The regularity condition(4.31) can be expressed in an equivalent form by means of
Lagrangians. Taking into account that

Eσ = ∂L

∂yσ
− dj

∂L

∂yσj
+ djdk

∂L

∂yσjk
,

we immediately get the following result.

Corollary 4.3. In terms of(any local) second-order Lagrangian forE = p1α, the condition
(4.31)is equivalent with

det

(
∂2L

∂yσ ∂yνpq
+ ∂2L

∂yν∂yσpq
− ∂2L

∂yσ(p∂y
ν
q)

+ dj

(
2

∂2L

∂yν(p∂y
σ
q)j

− ∂2L

∂yσj ∂y
ν
pq

)

+ djdk
∂2L

∂yσjk∂y
ν
pq

− 2f p,q
σν

)

= 0,

where(p, q) means symmetrization in the indicated indices.
If, in particular, E defines a first-order Lagrangian system, then(4.31)can be expressed

by means of(any local) first-order Lagrangian for E and takes the form

det

(
∂2L

∂yσp ∂y
ν
q

+ ∂2L

∂yσq ∂y
ν
p

+ 4f p,q
σν

)

= 0.

Hence, using the notations of(4.25), and taking into accountProposition 4.4, we can see
that byTheorem 4.3, the following corollary can be stated.

Corollary 4.4. A first-order Hamiltonian system corresponding to a first-order Lagrangian
system is regular if and only if the following conditions are satisfied:

hk,ijσν + hj,ikνσ + 2dph
jk,ip
σν = 0, det

(
∂2L

∂yσi ∂y
ν
j

− 4gij
σν − 2dkh

j,ik
σν

)

= 0.

In this way, we obtain the following assertions in the first of which we recognize
Dedecker’s regularity condition(cf. Theorem 3.5), and the second one is a generalization
of Krupka–Šťepánková regularity condition(Theorem 3.6).

Corollary 4.5. Let α be a first-order Hamiltonian system such thatE = p1α defines
a first-order Lagrangian system. Suppose that(at least locally) α = dρ, whereρ is
π1,0-horizontal.

(1) Letλ = Lω0 be a first-order Lagrangian for E. In terms of L, the regularity condition
(4.31)reads

det

(
∂2L

∂yσi ∂y
ν
j

− Λij
σν

)

= 0, (4.33)

whereΛij
σν(x

k, yρ, y
ρ
p) are functions satisfyingΛij

σν = −Λ
ji
σν = −Λ

ij
νσ .
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(2) Letλ = Lω0 be a second-order Lagrangian for E. DenoteL = L0 + hkl
ρ y

ρ

kl, where the

functionsL0 andhkl
ρ do not depend on theyσpq’s. In terms ofL the regularity condition

(4.31)takes the form

det

(
∂2L0

∂yσi ∂y
ν
j

− d̃k
∂hik

σ

∂yνj
− ∂h

ij
σ

∂yν
− ∂h

ji
ν

∂yσ
− Λij

σν

)

= 0, (4.34)

whereΛij
σν(x

k, yρ, y
ρ
p)are functions satisfyingΛij

σν = −Λ
ji
σν = −Λ

ij
νσ ,andd̃k denotes

the operator∂/∂xk + yνk ∂/∂y
ν .

Proof.

(i) By Proposition 4.4and formula(4.25), we havef jk
σν = 0, and

α̂ = dθλ + 2dkg
ik
σνω

σ ∧ ων ∧ ωi + 4gij
σνω

σ ∧ ων
j ∧ ωi.

Hence,(4.31)becomes the condition(4.33)with

Λij
σν = 4gij

σν = 1

2

(
∂2L

∂yσi ∂y
ν
j

− ∂2L

∂yσj ∂y
ν
i

)
− 2f i,j

σν . (4.35)

(ii) If L1 is a first-order Lagrangian equivalent withL, we have

L1 = L − dif
i = L0 − d̃if

i, hki
ρ = ∂f i

∂y
ρ
k

.

SubstitutingL1 into (4.33), we get(4.34).
�

Recall that every Lagrangianλ onJ 1Y has a (global) Lepagean equivalent

ρKλ = Lω0 +
n∑

k=1

(
1

k!

)2
∂kL

∂y
σ1
j1

· · · ∂yσkjk
ωσ1 ∧ · · · ∧ ωσk ∧ ωj1···jk . (4.36)

Thisn-form, discovered by Krupka in 1977 ([33], cf. also[3]), is referred to asKrupka form
of λ. It has the following important property: dρKλ = 0 if and only if the Euler–Lagrange
form Eλ identically vanishes. Note that the Poincaré–Cartan formθλ doesnot possess a
similar property.

Corollary 4.6. Consider a Lagrangianλ on J 1Y and its Lepagean equivalentρKλ . The
Hamiltonian systemα = dρKλ is regular if and only if

det

(
∂2L

∂yσi ∂y
ν
j

+ ∂2L

∂yνi ∂y
σ
j

)

= 0, i.e., det

(
∂Eσ

∂yνji

)

= 0. (4.37)
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Proof. We can see immediately that forα = dρKλ , (4.30)is satisfied. Hence, the assertion
follows fromTheorem 4.3andCorollary 4.3, since in this case,

gij
σν = 1

8

(
∂2L

∂yσi ∂y
ν
j

− ∂2L

∂yνi ∂y
σ
j

)
, Λij

σν = 4gij
σν = 1

2

(
∂2L

∂yσi ∂y
ν
j

− ∂2L

∂yνi ∂y
σ
j

)
,

(4.38)

and by(4.34), f i,j
σν = 0. �

Note that sincef i,j
σν = 0, the principal part̂α of the Lepagean(n + 1)-form α = dρKλ is

(cf. (4.20))

α̂ =Eσω
σ ∧ ω0 + 1

4

(
∂Eσ

∂yνi
− ∂Eν

∂yσi

)
ωσ ∧ ων ∧ ωi + ∂Eσ

∂yνij
ωσ ∧ ων

j ∧ ωi

=E + FE. (4.39)

Another distinguished Lepageann-form considered by Carathéodory[4] is

ρCλ = 1

Ln−1

(
Ldx1 + ∂L

∂y
σ1
1

ωσ1

)
∧ · · · ∧

(
Ldxn + ∂L

∂y
σn
n

ωσn

)

=Lω0 + ∂L

∂yσj
ωσ ∧ ωj + 1

2L

∂L

∂yσj

∂L

∂yνk
ωσ ∧ ων ∧ ωjk + · · · . (4.40)

In this case, we immediately obtain the following corollary.

Corollary 4.7. Consider a Lagrangianλ on J 1Y and its Lepagean equivalentρCλ . The
Hamiltonian systemα = dρCλ is regular if and only if

det

(
∂2L

∂yσi ∂y
ν
j

− 1

4L

(
∂L

∂yσi

∂L

∂yνj
− ∂L

∂yσj

∂L

∂yνi

))

= 0. (4.41)

Remark 4.5. For a given Lagrangian system, formula(4.31)represents many “regularity
conditions”, dependent upon auxiliary parameters. As seen inCorollaries 4.5 and 4.6, one
may choose in place of these parameters functions defined by a Lagrangian. In fact, at
least locally, many different choices are possible, leading to various regularity conditions
which involve only a Lagrangian. In this way, e.g., the regularity condition(4.33)covers
the“standard” regularity condition(3.6) for Λij

σν = 0, the condition(4.37)for Λij
σν given

by (4.38), the Krupka–Šťepánková condition(3.39) for Λij
σν = 0, but also the condition

(4.41), or, e.g., the following conditions[49]:

det

(
k

∂2L

∂yσj ∂y
ν
i

− (k − 1)
∂2L

∂yσi ∂y
ν
j

)

= 0 for Λij

σν = k

(
∂2L

∂yσi ∂y
ν
j

− ∂2L

∂yσj ∂y
ν
i

)
,

(4.42)
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det

(
∂2L

∂yσi ∂y
ν
j

− ∂3L

∂xi∂yσ ∂yνj
+ ∂3L

∂xj ∂yσ ∂yνi
+ ∂3L

∂xi∂yν∂yσj
− ∂3L

∂xj ∂yν∂yσi

)

= 0

for Λij
σν = ∂3L

∂xi∂yσ ∂yνj
− ∂3L

∂xj ∂yσ ∂yνi
− ∂3L

∂xi∂yν∂yσj
+ ∂3L

∂xj ∂yν∂yσi
(4.43)

or

det

(
∂2L

∂yσi ∂y
ν
j

− d̃i
∂2L

∂yσ ∂yνj
+ d̃j

∂2L

∂yσ ∂yνi
+ d̃i

∂2L

∂yν∂yσj
− d̃j

∂2L

∂yν∂yσi

)

= 0

for Λij
σν = d̃i

∂2L

∂yσ ∂yνj
− d̃j

∂2L

∂yσ ∂yνi
− d̃i

∂2L

∂yν∂yσj
+ d̃j

∂2L

∂yν∂yσi
. (4.44)

Obviously, other conditions can be generated in a similar way.

5. Legendre transformation revisited

Consider aregularfirst-order Hamiltonian systemα. Then, by definition, all the canonical
1-contactn-forms ωσ ∧ ωi belong to the exterior differential system generated byDα̂.
However, the generators ofDα̂ naturally associated with fibred coordinates (i.e.,(4.26)),
are of the form oflinear combinationsof theωσ ∧ ωi ’s. In this sense fibred coordinates
are not “canonical”. In what follows our aim is to constructnew coordinatesin which the
formsωσ ∧ωi appear as a part of the naturally associated generators. Hence, (in the sense
of the theory of differential systems) such coordinates areadaptedtoDα̂.

Definition 4.7. Letα be aregularHamiltonian system onJ 1Y such that̂α isπ2,1-projectable.
Let (W, χ), χ = (xi, yσ , pi

σ ) be a chart onJ 1Y such that(xi, yσ ) are local fibred coordi-
nates onY , and the canonical 1-contactn-formsωσ ∧ ωi coincide with the generators of
Dα̂ naturally associated with the coordinatespi

σ , i.e.,

i∂/∂pi
σ
α̂ = ωσ ∧ ωi. (4.45)

The chart(W, χ) will be called aLegendre chart, and(xi, yσ , pi
σ ) are calledLegendre

coordinatesassociated with the regular Hamiltonian systemα.

We shall study existence of Legendre charts. To this end, we keep notations used so far.

Theorem 4.4. Letα be a regular Hamiltonian system onJ 1Y associated with a first-order
Lagrangian system. Letx ∈ J 1Y be a point. Suppose that in a neighbourhood W of x,

α = dρ, ρ = θλ + µ, (4.46)

whereλ is a Lagrangian for E defined on W, andπ∗
2,1µ is an at least2-contact n-form such

that

p2µ = gij
σνω

σ ∧ ων ∧ ωij , gij
σν = −gji

σν = −gij
νσ . (4.47)
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wheregij
σν are functions onπ1,0(W). Put

pi
σ = ∂L

∂yσi
− 4gij

σνy
ν
j . (4.48)

Then(W, χ), whereχ = (xi, yσ , pi
σ ), is a Legendre chart forα.

Proof. First, notice that by assumptions,α̂ is projectable ontoJ 1Y . Next, we show that the
matrix (∂pi

σ /∂y
ν
k ) is regular onW . From(4.48), we obtain

∂pi
σ

∂yνj
= ∂2L

∂yσi ∂y
ν
j

− 4gij
σν. (4.49)

Sinceα is regular,Corollary 4.5gives that the above matrix is regular, proving that(W, χ),
χ = (xi, yσ , pi

σ ) a chart onJ 1Y .
It remains to show that condition(4.45)is satisfied. Using(4.48), we can write

ρ = −Hω0 + pi
σ dyσ ∧ ωi + η + µ3, (4.50)

where

η = gij
σν dyσ ∧ dyν ∧ ωij , (4.51)

µ3 is at least 3-contact, and

H = −L + pi
σ y

σ
i + 2gij

σνy
σ
i y

ν
j . (4.52)

Now,

α̂ = −dH ∧ ω0 + dpi
σ ∧ dyσ ∧ ωi + dη − p3 dη. (4.53)

Computingi∂/∂pi
σ
α̂, and taking into account that, by assumption,η does not depend upon

thep’s, we immediately get

i∂/∂pi
σ
α̂ = − ∂H

∂pi
σ

ω0 + dyσ ∧ ωi =
(
yσi − ∂H

∂pi
σ

)
ω0 + ωσ ∧ ωi.

However, by(4.52) and (4.48),

∂H

∂pi
σ

= − ∂L

∂pi
σ

+ yσi + pk
ν

∂yνk

∂pi
σ

+ 4gpk
ρνy

ρ
p

∂yνk

∂pi
σ

= yσi +
(
pk
ν + 4gkp

νρy
ρ
p − ∂L

∂yνk

)
∂yνk

∂pi
σ

= yσi . (4.54)

Hence,i∂/∂pi
σ
α̂ = ωσ ∧ ωi , as desired. �

Note that by(4.54), the matrix(
∂2H

∂pi
σ ∂p

k
ν

)
(4.55)

is regular and inverse to the matrix(4.49).
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Definition 4.8. We call the functionsH (4.52)andpi
σ (4.48)theHamiltonianandmomenta

of α, respectively.

Remark 4.6. Formulas(4.48) and (4.52)for a Hamiltonian and momenta can be equiva-
lently expressed in terms of asecond-order Lagrangianequivalent withL. Using notations
of Corollary 4.5and its proof, we obtain

pj
σ = ∂L0

∂yσj
− ∂f j

∂yσ
− ∂h

jk
σ

∂xk
−
(
∂h

jk
σ

∂yν
+ 4gjk

σν

)
yνk ,

H = −L0 + ∂L0

∂yσj
yσj + ∂f j

∂xj
− ∂h

jk
σ

∂xk
yσj −

(
∂h

jk
σ

∂yν
− 2gjk

σν

)
yσj y

ν
k . (4.56)

If, in particular,L is of the form(3.37), we havef j = h
ij
σ y

σ
i , and the above formulas take

the form

pj
σ = ∂L0

∂yσj
− ∂h

jk
σ

∂xk
−
(
∂h

jk
σ

∂yν
+ ∂h

kj
ν

∂yσ
+ 4gjk

σν

)
yνk ,

H = −L0 + ∂L0

∂yσj
yσj −

(
∂h

jk
σ

∂yν
+ 2gjk

σν

)
yσj y

ν
k , (4.57)

where we recognize(3.40) and (3.42)for gij
σν = 0 (i.e., forρ = θλ).

In Legendre coordinates, we getDα̂ spanned by the followingn-forms:

i∂/∂pi
σ
α̂ = − ∂H

∂pi
σ

ω0 + dyσ ∧ ωi,

i∂/∂yσ α̂ =
(
∂H

∂yσ
− 4

∂g
ij
σν

∂xi
yνj − 2

(
∂g

ij
νρ

∂yσ
+ ∂g

ij
σν

∂yρ
+ ∂g

ij
ρσ

∂yν

)
yνi y

ρ
j

)
ω0 + dpi

σ ∧ ωi.

(4.58)

If dη = 0, the generators ofDα̂ become

− ∂H

∂pi
σ

ω0 + dyσ ∧ ωi,
∂H

∂yσ
ω0 + dpi

σ ∧ ωi. (4.59)

Hamilton equations in Legendre coordinates thus read as follows.

Theorem 4.5. A Dedecker’s sectionδ : U → W is a Dedecker–Hamilton extremal ofα
(4.46) and (4.47)iff it satisfies the equations

∂yσ

∂xi
= ∂H

∂pi
σ

,

∂pi
σ

∂xi
= − ∂H

∂yσ
+ 4

∂g
ij
σν

∂xi

∂H

∂p
j
ν

+ 2

(
∂g

ij
νρ

∂yσ
+ ∂g

ij
σν

∂yρ
+ ∂g

ij
ρσ

∂yν

)
∂H

∂pi
ν

∂H

∂p
j
ρ

. (4.60)



O. Krupkov́a / Journal of Geometry and Physics 43 (2002) 93–132 125

If dη = 0, (4.60)read

∂yσ

∂xi
= ∂H

∂pi
σ

,
∂pi

σ

∂xi
= − ∂H

∂yσ
. (4.61)

In view of Theorem 4.4, we can state the following definition.

Definition 4.9. Letα be a regular Hamiltonian system onJ 1Y associated with a first-order
Lagrangian system, letW ⊂ J 1Y be an open set. We say thatα admits Legendre trans-
formation on Wif α = dρ for a Lepageann-form ρ on W such thatp2ρ = p2β for
a π1,0-projectable formβ on W (i.e., locally,p2ρ = g

ij
σνω

σ ∧ ων ∧ ωij , wheregij
σν are

functions onπ1,0(W)).

5.1. Strong regularity

Let us consider Hamiltonian systems onJ 1Y , associated with first-order Lagrangian
systems. We have seen that in this case regularity ofα guaranteesbijective correspondence
between extremals of E and theπ2,1-projections of Dedecker–Hamilton extremals ofα, i.e.,
those solutions of the Hamiltonequations (4.7)which annihilate all at least 2-contact forms.
Now, we shall study under what conditions there arises abijective correspondence between
extremals and Hamilton extremals(integral sections of the Hamiltonian idealDα related
with α).

Definition 4.10. A Hamiltonian systemα will be called strongly regular if Hamilton
extremals ofα are in bijective correspondence with extremals ofE = p1α.

A Lagrangian systemwill be calledstrongly regularif it has a strongly regular associated
Hamiltonian system.

Proposition 4.7. Every strongly regular Hamiltonian system is regular.

Proof. Indeed, since every Hamilton extremal ofα is of the formδ = J 1γ , every Dedecker–
Hamilton extremal̂δ of α satisfiesπ2,1 ◦ δ̂ = J 1γ . This means that for allσ andi, δ̂∗ωσ ∧
ωi = 0, i.e., all the canonical 1-contactn-forms belong toDα̂. Consequently,Dα̂ is locally
generated by the forms(4.32). Since the formsηpρ in (4.26)must be linear combinations
of the canonical 1-contactn-forms, the conditions(4.30) and (4.31)of Theorem 4.3are
satisfied, proving thatα is regular. �

FromTheorem 4.4, we obtain the following fundamental result which gives us another
geometric meaning of Legendre transformations. Roughly speaking, it says thatHamilto-
nian systems which admit Legendre transformations areeitherstrongly regular, or “almost
strongly regular” (a strongly regular Hamiltonian systems appears by modifying the term
µ3 which, however, does not enter into the corresponding Euler–Lagrange equations). Thus,
one gets acharacterization of Lepagean forms for which Hamilton and Euler–Lagrange
equations are equivalent.
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Theorem 4.6. Let α be a Hamiltonian system admitting Legendre transformation on
W ⊂ J 1Y . If (in the notations ofTheorem 4.4) the at least3-contact partµ3 of ρ is π2,0-
projectable thenα = dρ is strongly regular on W.

Proof. Consider Hamilton equationsδ∗iξ dρ = 0 in the Legendre coordinates. The coor-
dinate expression is obtained fromρ (4.50), by contracting by the vector fields∂/∂yσ and
∂/∂pi

σ . Since, by assumption,µ3 isπ2,0-projectable, dµ3 does not depend upon momenta,
hence, its contraction by∂/∂pi

σ is 0. Thus, the corresponding set ofHamilton equations
takes the form

∂yσ

∂xi
= ∂H

∂pi
σ

(i.e., the same as the corresponding set of Dedecker–Hamilton equations). However, every
sectionδ of π1 satisfying these equations is of the formδ = J 1γ for a sectionγ of π .
In other words, every Hamilton extremal of dρ is holonomic, which means that Hamilton
equations ofdρ are equivalent with the Euler–Lagrange equations. �

Corollary 4.8.

(1) Letα be a first-order Hamiltonian system. Assume that there is an open covering{Wι}
of J 1Y such thatα satisfies the conditions ofTheorem 4.6on eachWι. Then, α is
strongly regular, i.e., Hamilton and Euler–Lagrange equations ofα are equivalent.

(2) Under assumptions ofTheorem 4.6, (4.60) (respectively, (4.61)) are equations for
Hamilton extremals ofα.

(3) Let ρ be a Lepagean n-form onJ 1Y , i.e. π∗
2,1ρ = θλ + µ + dν, whereµ is at least

2-contact, andν is an(n − 1)-form. Assume thatµ is π2,0-projectable. Ifρ is regular
then Hamilton and Euler–Lagrange equations ofρ are equivalent.

Note that regularity in (3) above means that dρ satisfies regularity condition(4.31), which
for first- and second-order Lagrangians becomes Dedecker’s regularity condition(3.35)(cf.
(4.33)) and the generalized Krupka–Štěpánková condition(4.34), respectively.

Remark 4.7 (On variational problems with fibre dimensionm = 1). Let us consider
first-order Lagrangian systems on a fibred manifold withm = 1 (andn = dimX arbi-
trary). This case is quite specific, since the at least 2-contact part of anyπ1,0-horizontal
n-form on J 1Y identically vanishes (indeed, it contains wedge products of at least two
copies of the contact formsω = dy − yk dxk). Taking into accountRemark 4.4, we can
see that (similarly as in mechanics) every first-order Lagrangian has auniquefirst-order
π1,0-horizontalLepagean equivalent,ρ = θλ. Now, we immediately obtain the following
proposition.

Proposition 4.8. Letπ : Y → X be a fibred manifold, dimX = n ≥ 2,m = dimY − n =
1. Let E be a dynamical form onJ 2Y . Assume that E is locally variational and defines a
first-order Lagrangian system. Then there exists a unique Lepagean(n+1)-formα onJ 1Y

such that(locally) α = dρ, whereρ is π1,0-horizontal, andp1α = E.
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In terms of(4.20)and with the notationsωj = dyj − yjk dxk, Ωj = i∂/∂xj ω0, we have
φ = 0, and

α = α̂ = εω ∧ ω0 + ∂ε

∂yij
ω ∧ ωj ∧ Ωi = dθλ,

whereλ is any (local) first-order Lagrangian forE.
Note that for Hamiltonian systems described byProposition 4.8, the concepts of regularity

and strong regularity coincide. Moreover, one has aunique regularity conditionwhich
depends only on the corresponding Euler–Lagrange expression,

det

(
∂ε

∂yij

)

= 0. (4.62)

Similarly as inCorollary 4.5, it can be expressed by means of particular Lagrangians (pos-
sibly of different orders). Moreover, ifL′ andL are equivalent first-order Lagrangians, i.e.,
if L′ = L + dif

i , where∂f i/∂yj + ∂f j /∂yi = 0, then (since the latter condition gives
∂2f i/∂yj ∂yk = 0),

∂2L′

∂yi∂yj
= ∂2L

∂yi∂yj
= ∂ε

∂yij
. (4.63)

Hence, if expressed by means ofanyfirst-order Lagrangian, the regularity condition(4.62)
takes the standard form(3.6), showing that if a first-order Lagrangian satisfies the regularity
condition(3.6), theneveryequivalent Lagrangian of the same order satisfies this condition as
well. Accordingly, Legendre transformation (momenta, Hamiltonian) are determined from
anyfirst-order Lagrangian ofE by standard formulas. Note that none of these properties
is saved ifm > 1. Comparing these results with corresponding properties of mechanical
Lagrangian systems (i.e., dimX = 1,m arbitrary) (cf.[46]), we can see that the casem = 1
andn > 1 is more similar to mechanics than to field theory.

A typical example of a (regular) Lagrangian system of this kind is the familiarscalar
field (i.e., theKlein–Gordon equation).

Remark 4.8 (On Hamiltonp2-equations). LetW ⊂ J 1Y be an open set, consider a
Lepageann-form ρ onW , such that

(1) ρ is at most2-contact,
(2) p2ρ is of the formp2ρ = g

ij
σνω

σ ∧ων ∧ωij , wheregij
σν = −g

ji
σν = −g

ij
νσ , and thegij

σν

are functions of(xk, yρ).

Recall that byDefinition 4.4, the corresponding Hamilton equations,δ∗iξ dρ = 0, are called
Hamiltonp2-equations.

Denoteλ = hρ = Lω0. Applying the results obtained so far to the above case of
Lepagean forms, we immediately recover the following assertions, recently proved in[50]
in connection with the study of Hamiltonp2-equations for first-order Lagrangians.

Assume thatρ satisfies the regularity condition(4.33), whereΛij
σν = 4gij

σν . Then

(1) The Hamiltonian systemα = dρ is strongly regular.
(2) Hamilton equations ofdρ and Euler–Lagrange equations ofEλ = p1 dρ are equivalent.
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(3) The Hamiltonian systemdρ admits Legendre transformation on W. In Legendre coordi-
nates, Hamilton equations take the form(4.60)with momenta and Hamiltonian defined
by(4.48) and (4.52), respectively. If, moreover, the n-formgij

σν dyσ ∧dyν ∧ωij is closed,
Hamilton equations take the “standard” form(4.61).

From the point of view of the general Hamiltonian theory, Hamiltonp2-equations can be
viewed as a “first correction” to Hamilton–De Donder equations (adding to the
Poincaré–Cartan formθλ a “free” 2-contact term); in this sense, “higher corrections” are
represented by adding toθλ higher contact terms, starting from a 2-contact one. However,
in view of the above results, we can see thatwithin the general Hamilton theory, Hamilton
p2-equations play a distinguished role. Indeed, this class of Hamiltonian systems is suf-
ficiently general on one hand, and as simple as possible on the other hand for obtaining
equivalent Hamiltonian counterparts of a given variational problem, and constructingcoor-
dinate transformations(Legendre transformations) canonically adapted to the Hamiltonian
differential system.

For more details on Hamiltonp2-equations, and their applications in the calculus of
variations and in physics, we refer to[49,50,58].

Remark 4.9 (Regularizable Lagrangians). We shall finish this paper by mentioning some
applications of general Hamilton equations in the theory of Lagrangian systems, as discussed
(from a different point of view) in[50] (cf. also[5]). Given afirst-order Lagrangian system,
let us study the existence of relatedstrongly regularHamiltonian systems. Recall that by
Definition 4.2and Remark 4.1a first-order Lagrangian system is an equivalence class,
representable by a family of local equivalent Lagrangians onJ 1Y . In every fibred chart, the
Euler–Lagrange expressionsEσ of a first-order Lagrangian system are functionsaffine in
the “second derivatives”(in particular, the∂Eσ /∂y

ν
ij may identically equal 0). Note that in

the latter case, the existence of first-order Lagrangiansaffinein the “first derivatives”,yρp ,
is equivalentwith the requirement that theEσ be functions affine in the first derivatives, as
well.

Taking into accountregularity conditionsfor [α] (Theorem 4.3and its corollaries), we
can see immediately thaton fibred manifolds with the fibre dimension m at least2 (and,
of course,n = dimX ≥ 2), to everyLagrangian system one can find local associated
Hamiltonian systems which areregular. Indeed, let det(∂2L/∂yσi ∂y

ν
j ) = 0 at a pointx ∈

J 1Y . Sincem > 2, one can find functionsΛij
σν , antisymmetric in(σν) and(ij), defined in

a neighbourhood ofx and such that atx the condition(4.33) is satisfied. However, since
the determinant is a continuous function, the corresponding matrix must be nondegenerate
in a neighbourhood ofx. On the other hand, the question on the existence of a Hamiltonian
systemequivalentwith a given Lagrangian system is less trivial, since, moreover, one needs
the functionsΛij

σν be independent of theyρp ’s.
A first-orderLagrangian system[α] is calledlocally regularizableif there exists an open

covering{Wι} of J 1Y , and for everyι, astrongly regularHamiltonian systemαWι defined on
Wι and belonging to the class [α] onWι. A Lagrangian system[α] is calledregularizableif
there exists astrongly regularassociated Hamiltonian system. Accordingly, aLagrangianλ
is calledlocally regularizable(respectively,regularizable) if the corresponding Lagrangian
system is locally regularizable (respectively, regularizable)[50]. A (local) Lepageann-form
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ρ such thatE = p1 dρ = [α] and dρ is strongly regular is called a (local) regularization
for E.

Note that regularizability is a property of theclassof equivalent Lagrangians. The ge-
ometric content of regularization consists in transferring the problem of finding extremals
(which, as sections passing inY , have no direct geometric interpretation by means of a
differential system onY ) to the problem of finding integral sections of a differential ideal
generated byDα.

Let us consider Lagrangians of the formL = a + biσ y
σ
i + c

ij
σνy

σ
i y

ν
j , wherea, biσ , cij

σν

are functions defined on an open subset ofY . By (3.6), such a Lagrangian is regular if
det(cij

σν) 
= 0. Thus, in this sense, every affine Lagrangian is degenerate, and the same
holds for many quadratic Lagrangians (among others the importantelectromagnetic field
Lagrangian). Contrary to that one can see immediately that for quadratic (in particular,
affine) Lagrangians in the variablesyρp , similar arguments as above lead to the conclusion
that if the fibre dimensionm ≥ 2 then every quadratic(respectively, affine) Lagrangian is
locally regularizable. Consequently,for m ≥ 2 every local Lagrangian onJ rY , r ≥ 1,
which is equivalent with a quadratic(respectively, affine) first-order Lagrangian, is locally
regularizable and admits Legendre transformation.

Evidently, foraffine Lagrangians(i.e., affine in theyρp ’s Euler–Lagrange forms) a cor-
responding strongly regular Hamiltonian system takes the formα = dρ with ρ = θλ +
g

ij
σνω

σ ∧ ων ∧ ωij , where(gij
σν) is a regular matrix defined on an open subsetW of Y and

such thatgij
σν = −g

ji
σν = g

ji
νσ ; the principal part ofα reads

α̂ = E + p2 dρ = E + 1

2

(
∂Eσ

∂yνi
+ djg

ij
σν

)
ωσ ∧ ων ∧ ωi + 4gij

σνω
σ ∧ ων

j ∧ ωi

(4.64)

(cf. also(4.34), (4.10) and (4.11)). Contrary to formulas which appear in the Hamilton–De
Donder theory, momenta(4.48)are independentfunctions onπ−1

1,0(W) ⊂ J 1Y , affine in
theyνj ’s, and Hamiltonian(4.52)(in Legendre coordinates) is apolynomial of degree2 in
momenta. A typical example of a physical field of this kind is theDirac field (see[50] for
details).

Moreover, taking into account the Krupka form(4.36), we can see thatif λ on J 1Y is
quadratic and satisfies the condition(4.37)then

ρKλ = θλ + 1

4

∂2L

∂yσj ∂y
ν
k

ωσ ∧ ων ∧ ωjk

is a (global) regularizationof the corresponding Lagrangian system.
Finally, the results presented so far give us conditions whensecond-order Lagrangians

affine in the second derivatives, andgiving rise to first-order Lagrangian systemsare reg-
ularizable (cf.Corollary 4.5, Theorem 4.4andRemark 4.6). In view of these results one
immediately obtains that theEinstein–Hilbert Lagrangianof the general relativity theory
(“pure gravity”) is regularizable, and its most simple regularization is exactly the one ob-
tained by Krupka and Štěpánková in[43] (cf. also Hǒrava[28]).
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